MAT266 HOMEWORK 02 (SOLUTIONS)

1. a. Using the Pythagorean identity, we can rewrite this integral as
/ sin® 0 cos* 0 df = / sin §(1 — cos? ) cos* 0 df)

Now choosing the substitution

u = cos b
du = —sin 6 df

we get

/sin 0(1 — cos® ) cos* 0 df) = — /(1 —u?)ut du

:—/ Yl du

1 1
= - (5U5 - ?u7) +C
1

1
= —500859+?COS79+C

b. We can apply a power-reducing formula to rewrite this integral as
/ cos?(2t) dt = / (0052(225))2 dt
0 0

_ /OW (% + 1@05(415))2 dat

1 1
= / = + cos(4t) + = cos®(4t) dt.
4 2

(\]

Applying the power-reducing formula again gives us

1 1 1 1/1 1
/ 1t cos(4t) + 3 cos®(4t) dt = — + cos(4t) + = (— + - cos(8t)) dt
0

2\2 2

W

ﬁc\

1 =

1 1
+ cos(4t) + i1 cos(8t) dt

™

| =

I
—
A~ =

t+

: 1 .
sin(4t) + Zt + ﬁ sin(8t)

0

I
NEl

c. We use the substitution

= sec(x)
du = sec(x) tan(z) dz
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to get

/ tan(z) sec®(z) dz = / u? du

1
:§U3+C

= %secg(x) +C

. We apply a Pythagorean identity to rewrite the integral as

/tan2(x) + tan*(z) dv = /tanQ(x) (1 + tan*(z)) da
= /tanQ(x) sec’(x) dz.

Using the substitution

u = tan(z)

du = sec?(z) dx

we get

/ tan?(z) sec?(x) dx — / o du

1
= §U3 +C
L3
=3 tan’(z) + C
. Making the substitution
x = 2sinf
dx = 2cosfdb

we get

-2cos0do

1 1
—dx:/
/272\/4—562 4sin?0+/4 — 4sin® 0
2
:/ | gos@ a0
& sin® 0 cos 0
1
= | ———db
/4sin2(9
1
:Z/csczede

1
:—Zcoté%—C'

Our choice in substitution can be rewritten as sinf = 7, and so we get the triangle



MAT266 HOMEWORK 02 (SOLUTIONS)

4—x2

From the triangle, we can deduce that

1 1 1 V4 —2?
/—d:c:——cotGJrC:——-—erC
1‘2\/4—1’2 4 4 x
b. Making the substitution

xr =2tan6
dx = 2sec? 0 df

we get

/ x3 D — 8 tan>
Va2 +4 V4atan?0 + 4
_/Stan?’QSecQ@de

-2sec? 0 db

sec 6

—S/tan?’esecﬁd@
:8/(se029—1)se(:9tan0d9

Now make the substitution

u = sect

du = secOtan6
we get

8/(86020— 1)secftanf df = 8/(u2 —1)du

8
= §SGC39—8SGCQ+C.

Our choice in substitution can be rewritten as tan = 7, and so we get the triangle
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From the triangle, we can deduce that

3
x3 8 8 x? 44 x2 +4
—  dr=-sec®’d —8secl+C=|- | —— | -8 "4 (C
/\/:152+4 3 3(

c. Making the substitution

T = 2sect
dzx = 2secOtan 0 db

we get
Vo / 20 _
/x—éldx:/LHQsecQtan@dé’
T 2sec 6
4secOtan®d
= [ —df
/ 2sect

= /2tan29d9

= /2(86020 —1)do
=2tanf — 20+ C.

Our choice in substitution can be rewritten as secf = 7, and so we get the reference
triangle

4—x2

From the reference triangle we get

V=1
/x—d$:2tane—29+02 \/4—x2—2arcsec<g>+0
T

3. Evaluate the integral.
a. Making the substitution

t = sect
dt = secftan 6 do

our new limits of integration become

V2=sec(d) = 0=

RN

2=sec(f) = 0=
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and we get
0=m/3

=2
-secf tan 6 df
/t V2 t3\/t2 /9 x/4 sec? 0\/sec2 60—

/3
= ——db
/7r/4 sec? 6

/3
/ cos? 6 db

/“/3 1 + cos(20)
w/4

0 N sin( 26 /3
2

d@

w/4
\/§ 1 T
=|— — -+ — ~0.09741
8 4 i 24
b. Making the substitution
xr = 2tan6

dx = 2sec? 0 db

our new limits of integration become
0=2tanf = 6=0
2=2tanf = 0= %

and we get
O0=m/4

r=2
/ xS\/x2+4dx:/ 8tan® v/ 4tan? 0 + 4 - 2sec? 6 db
x=0 0

w/4
= / 32 tan® f sec® 6 do
0

=0

/4
= 32/ (sec®§ — 1) sec? 0 - sec 0 tan 6 d6
0

Making another substitution

u = sect

du = secOtan 6 db

our new limits of integration become

=)

1
V2

u(0)
u(7)

Ma
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and so we get

0=m/4 u=+v2
32/ (sec®§ — 1) sec? - sec f tan 6 df = 32/ (u? — 1)u* du
0

—0 u=1

\/5
1 1
:32_5__3
|:5u 3u:|1

64
= 1—5(1 +/2) ~ 10.30064

4. Perform the partial fraction decomposition.
a. We solve for the unknown constants A and B in the following equation
1+ 6x A n B
(4r —3)(2x +5) 4x—3 2x+5
= 14 6x= A2z +5)+ B4z — 3)

When x = % we get that A = %, and when z = —g we get that B = %. So the partial
fraction decomposition is

1+ 6x 11 14

Gz —3)(22+5) |13z —3) 132z 1 5)

b. After a bit of factoring the denominator, we solve for the unknown constants A, B, and
C' in the following equation

10 0 A B, C

52 —2r3  22(5 — 27) x+ﬁ+5—2x
= 10= Ax(5—22) + B(5 — 27) + Ca?
When z = 0 we get that B = 2, when z = g we get that C' = %, and when z = 1

(combined with our knowledge of B and C') we get that A = %. So the partial fraction
decomposition is

0 /4 2 8
502 —2x3 |5z a2 5(5 — 2x)

c. After a bit of factoring the denominator, we solve for the unknown constants A and B
in the following equation

T T B A B

x2+x—2:(x—1)(:v—|—2) x—1+x+2
= z=Ax+2)+B(x-1)

When z = 1 we have that A = %, and when x = —2 we have that B = % So the partial
fraction decomposition is

x B 1 . 2
24+r—2 |[3x—1) 3(x+2)
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. First performing some polynomial division and then factoring the denominator, we get

6

x 4 9 64
= 4 16
24 LTt Ty o)

so we have reduced the problem to finding the partial fraction decomposition of the far
right term. For this, we find the values of the unknown constants A and B in the equation

64 A B

(x+2)(x —2) x+2+:p—2
= 64=A(x—2)+ Bz +2)

When z = —2 we get A = —16, and when x = 2 we get that B = 16. Thus the partial
fraction decomposition is

6

x 4 9 16 16
- 422 4 16 —

oI kR s—2 219

Since the denominator is fully factored, we find the values of unknown constants A, B,
C, D, E, and F in the following equation

zt  Az+B +C$—{—D+E.CE—{—F
(22 —z+ 1) (22 +2)2 22—z+1 2242  (22+2)2
= quadz® = (Azx +b)(2* +2)* + (Cx + D)(z* — x + 1)(z* + 2)

+ (Bx + F)(2* —x +1)

Doing all sorts of horrendous distribution, we get

* = (A+C)2° + (B~ C+ D)a* + (4A+3C — D + E)a®* + (4B — 2C + 3D — E + F)a?
+(4A+2C -2D+E — F)x + (4B+2D + F)

This yields the system of equations

A+C=0

B-C+D=1
4A+3C-D+E=0
AB-2C+3D—-E+F=0
4A+2C -2D+E—-F =0
AB+2D+F =0

and solving this with a matrix, we get

10 1 0 0 0 0 100000 0
01 -1 1 0 0 1 010000 —3
wef |40 3 -1 1 0 0f_J001000 0
04 -2 3 -1 1 0 000100 3
40 2 -2 1 =10 000010 3
04 0 2 0 1 0 000001 —3
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Thus A =0, B = —%, C=0, D= %, E = %, and F = —%, so the partial fraction
decomposition is

x? B 1 n 4 n dor — 4
(22 —z+1)(22+2)2 | 3(2—z+1) 3(z2+2) 3(22 +2)2

5. After performing the partial fraction decomposition, we get

) L9 |
/x——'—gdm‘—/ da:—f—/ ——dx
o (z+1)2 o r+1 o (x+1)2

1

1
= [21 1+ |[———
e+ 1+ |~ |

1
=|21n(2) + 5 ~ 1.88629

6. Making the substitution

u=-e
du = e* dx
we get
2x
/ T = / S
e + 3e® 4 2 u? + 3u+ 2
u
= du
/ (u+2)(u+1)
For the partial fraction decomposition, we have to solve for constants A and B in the following
equation
u A B

(u+2)(u+1) _u+2+u—i—1
= u=Au+1)+ B(u+2).

Setting u = —2 yields A = 2, and setting u = —1 yields B = 1. Putting this all together in
the integral, we have

u 2 1
/ du:/ + du
(u+2)(u+1) u+2 u+l
=2ln|u+2|+Inju+1|+C

:‘21n|ex+2|—|—ln|e$—|—1|+0‘




