SEU’)OM i . 1

beF A RELATIONSHIP  RBETWEEN TwWO QUANTITIES AN RE
EXPRESSED AN AV EQUATION IN TWo VARARLES, A SoLuTION
OF AN EQUATION |V TWd VvARIARLES, %X AND g IS AN ORDERED
PAIR (xg.) SUUA  THAT  WHEN WE SUBSTITVIE  THESE INTO  THE

EQUATION, WE ET A  TRVE STATEMENT.

Ex 1Comsu>ea THE EQUATION Y= (>'x-9~, AND THE ORDERED  PAIRS
(l,"l) AND (3,03. lF we SOBSTITUTE  THESE VALVES Fok X AND

IN OuR- EQVATION , WE ET®
(4)-6()-2 AND (0)= 6(3)-2
H=4 0=l6

So, (‘,"1\ 1> A SoLVTNION  oOF THE EQUATIoNn  AND (3,03 18 NorT,

BEF T&E GRAPH of AN EQUATION OF 7wWd VARIARLES IS THE SET oF ALl

oRDERED  PAIRS  THAT  “sanyey” (e ARE SoLvmons oF) THE EQUATION.

DEJ: AM K-INTERCEPT 15 WHERE THE GRAPH  INTERSECTS THE  X-AXIS.

A}oﬂz THAT IHE a(»ooo&bwmt OF AN X-WTERCEPT 1S ALWAYS 2eRo,

SO AN  X-INTERCEPT ALWAYS HAS THE FORM (_ , 03.

bEF A 7— INTERCEPT IS WHERE 7HE GRAPH INTERSECTS THE }‘AXIS.

Nove 7T mHE X-corDWATE  oF A 3—LNTEJZ<’.EPT 1S ALWAYS  ZERO,

S A émNTEKLEPT ALWAYS  HWAS THE  ForM (0,_).

a
Ex & Ler Fy—l. We sece morm e
GRAPH  THAT  THE X-INTERCEPTS ARE (1,0 (v,0)
(-1,0) ANR (l,cﬂ , AND THE %—\NTEKCEPT o

1S (O, 'l>.



Ex 3 Suefose 161_=l(-r x| REPRESENTS THE HEWGHT oF A  BALL
X SECoMDS  AFTER- REINGr DROPPED  FRom A  HEIGHT oF J6fi.
Tue };—mlt—\usrr 18 (0, )Q AnD  REPRESENTS THE
HEIHT oF THE BAWL BeroRE 41 1s DRoffed. An  x-
INTERCEPT 18 (‘-1,0) AND  REPRESEANTS THE TIME AT
leyd THE @Al HImS THE GRovMD,  WHwd 1S ’-{ SEcomps

AFTeR- RewG DRoOPPED.

Secron 1.2

%EF A RELATION IS A SET OF ORDERED PAIRS .
Ex 4 The  ser E(M, (13/5), [7,&7% IS A RELATION,

Ex 5Tue ser 3(”‘,“7) ) 7= ;)oulg (REAﬁ “THE SeT oF AL ORDERED

PAIRS (fx, V) WHERE y_a{,\wl\\) 1S A RelhTion,

DEF CTM:’N A ReLATON, THE  SET oF AL RARST COMPONVENTS OF THE
ORDERED PAIRS 1S CALLED THE  TOMAIN, ()T-}E.’ SET & ALL SEtoND

COMPONENTS S CALLED THE RANGE .

Ex 6 Fpoxm Exampie Y, 7€  poman 1 $1,15 73 avo THE Rance
15 E.o)s/ag.

Ex 7 FIZDM EXAMPLE 5, THE DOmAINV 15 R ('THE SET oF Al REAL NUME:E)ZS\\>,

AND THE RANGE IS p\

DEF A Funcnawn 1S A CopREXOMVDENCE Feot  mHe  Domaw o THe RANGE,
SuH THAT  EAGH  ELEMENST of THE  DoMAIN  CorREFPOADS TO LXACTLY ONE  ELEMEAT

oF THE RAWGE.



,A/HAT THE DeFINMTION oF A FoNCTIoN 18 GETTWG AT 1S THAT  We
ARE MA-PPW&/ Semblv ElEmENTS oF THE DomAIN 70 ELEMENTS oF THE
RANGE. Moze‘ovell, WE REQuUIRE THAT ElemenT oF THE DomAN ARE
SENT TO  EXACTLY oONE ELEMENT w THE  RAMGKE. (EAU/I IvPUT  HAS

OVl oANE ourf'u"r}

Ex 8 g(l,:’*\,(?rﬁ,(s:"}, (5'335 s mT A Funcrom  BECAUE D

(w THE Domws IS SENT TF0 RoTH é AND 8 (w THE RANﬁE)

Ex T g(‘»'ﬂ, (","0, (6,5) , (3,5)% K A  Fumncrion BECAVSE  EACH  ELEMENT

OF THE PomAIN CORRESPONDS TO ONLY ONE ELEMENT oF THE ®ANGE.,

/Von;’ E XAMPLE 7 DEMOMSTRAIES THAT A FUNCTION CAN  HAVE  DFFERENT

ELEMENTS o THE DomAW MAP T© THE SAME BEMENT OF THE RANGE,

(/u THS CLASS, WwE WILL BE MoSTLY  ConCERMVED WITH EXPRESSIMGe

FUMCTIONS AS  EQUATIONS. IF wé& Seg ”g AS A  FunCcTION ©F fx_“ o
T

\
g_ IN TERAS  oF X, WE MEAN Ou{_f-(same EXPRESS jor)  INVOLVI ¢ fx)

EX [> Lc—:r w=1‘iol*7. W 1S A FUNCTION  oF ol SIMCE  THERE IS

EXACTLY ONE W-~VALVE CORRESPOMDING TO EACH Gl-VALUC.

P~y A
EX I LET =x+]| ﬁxw& SWQUARE  EooTS  OF BoTh >1bES  (VES VS
?_: ¥ ¥) , EACH  VYAWE oF CoRRESPONDS T0 A VALVEY  oF

g_, y_ 1S MU A FUMNCNON oF X,

A FuncTion AN BE THWGHT  of As A WND oF MACLHWE, calCir

}, TAWG  WRUTS X FreomM  THE ToAviiv AN ouTPUTTIVGe f[‘k) W THE RANGE



Ex 12 Ler f(ﬂﬂf' 5, gean As o of x equaLs xj’—S.\\ For_ encw
weor %, Flxl 5 THE vhvE oF e Foxcron AT X |E, sAY, wE
WANTED TO Fiad f (1) amo f(ﬁ, WE  SmPLy SUBSTITUTE IV FoRe %
W THE RIGHT-HAND-SIDE OF THE EQUATOM.

FOy(n=5=-1,  f(s)=(s)-5= 10

—
Iy 15 caued Fonerion  woTATION .

Ex 13 Sopfose j:, As w  Exampe (R

Eree x yerrs arTeR- 1770, Taew £O) & me eroAnon

) REPRESENTS THE  POPVLATION  oF

)‘l‘ll, ang F(5) & me popannon w 1995, IF b 1 some o

VARIARBLE, THEN ]c(bs*Z) s ™E  popoanon b years AFTeR |93,

bEF A GRAPH  OF A PunvcnoN f IS THE  SET oF ORDERED PMIRS (’X,f(«))
ProTed on e (reTEsian  Puave. A GRAPH s MNor A Funcmon | Bur

PATHER. A PICTORIAL REPRESENTATION OF A FunCTION .

Ex 14 (VeLnCAL Live Tésr> Ler’s Puor ;‘96'?*) \V

From EXHMPLE ”. We ALREADY DETERMWED

THS  WAS AT A FUNCTION | RBUT  WE AN ALSe

S€E THS From THE GRAPH.  Ar =0, y=i|, so0
THE VvERTICAL ULNE x=D WIERSECTS THE GRAPH W

TWo  PLACES. /Hts LEADS ™ THE FoUDWINE RESOLLT,

Vetzncm, wa T€ST ‘F ANY  VERTCAL  LINE  IVTERSECTS A (RAPH

IN MmORE THAN onE PowT, THE RAPH DOEY AT DEFIVE a AS A

FuncmTion oF f



wH&u wWeE (oo AT THE GRAFIR oF A FuamcTiop,
* ARROWS  WDICATE THAT THE GRAPH  EXTEMDS

IMDeFINITELY (N THE DIRECTIoNy oF THE ARROWS,

‘A CLoSEN DT WDIATES  THAT THE (RAPH
DoEs MoT eXTEND  PAST THE PRowt ANQ T N
INCLVDER THAY  PoINT

AV OfEN CQIRC\E JuDICATES THAT THE GRAPH

DoeS wNoT EXTESN  PAST FHE  PomT AND 7 a\/

EXcod THAT PoinT.

[:y H USIIUO\' THE GRAPH own THe RIGHT ;| we
SEE THAT THE FunNCcTion  HAS
L IvERvAL _noTATIoN seT-RBUILDER  norpTion | /

[‘5,0)0(1,2] E'xl‘Sﬁx‘O or. )cxs;%
(—3’ l] Ea)-;ug_ﬁl%

DomA N,

RANGE

DEF The ZEROES GF A FowmncTion JCAZE THE X~ VAWES  FoR. WHCH JC['x)=D.

WHEN Lookink AT  THE GRAPH oF A  FuncTIoN f‘, Z2ERoES oF A
Function HAVE  THE  FoRm (‘M, 03/ WHIcH MeANS  THEY corResPond

—
P  X-INTERCEPTS. | HUS  WE AN FND THE  XIMERCEPTS OF A

FoMTION'S GRAPH LoITHOOT EVER GRAPHWG -

Swee g_dNTEKCEPTS oF A GRAPH HAvE THE Folem (0, —.), THE
(?—IMTEECC"PT dF THE GRAPH oF A FumTiom  |S ThE PoinT (O,a%))



SEc_'nou 1%

D A porcriom o | NCREAYWG O AN OPEN  (MTERVAL a,‘D’> IF

}('X,\ « f[ﬁc,\) W HEMEVERS a“cy ¢x, < L). A FoncTion 15 DECREASKG

ON AN Ofenw INTERVAL (c\)bv \F f<°">3 ? \f(nc&) WHELNEVER- acx, L.Xado'

/—\ FONCTION 1S COMSTANT o AN ofén  [VTERUAL  IF :F(fx,\)rot(m,)

WhHenveveR- @l ¢ *A‘L.

(
Ex L The porcron 70 THE RiGHT (s

INCREASIVCGr  oN (‘00,“)1
DecREASWNOT  on (‘l, \3, ANVD

CONSTANT N (l,mx,

DEF A FUNCTIOL  VALVE ]C (0»3 5 A RELATIVE mAXmubl  oF :f IF

Ex 2

THERE EXISTS AN OPen IVTERVAL coMAlMG 6 SO THAT J[(‘&\)?J(ék)
Fo ALL. X ¥a w qHE Sfenv  WTERVAL.

A Function  YALUE Hlo) IS A ReLATVE minimum  oOF J( IF THeRE
EXSTS AN oFEN IwTERVAL  ONTAINING L» Sverl THAT Jc(b)< \f (oc) FoR

ALL x#)o ™ THE ofeny INTERVAL.

Tl_fE FormeTion |0 THE  GRAPH T THE
RIGHT HAY REWATIVE maximAa AT -2 am ‘,
AND THE REWTWE MAXMA ARE f(’%’l AND

J: (0’-3, BE SPECTIVELY . TH(E FuncTioN HAS A
RELATIVE MM aum AT ‘l, AND  THE  ReLATIVE

msimomm 15 FED= -1,

DeF A Fonvetion |5 EVEN F J:(")C3= Jc(fx) Fok ALL ¢ w THE DomAIN.

A FOMCTION 1S obD 1P f(—x)&"‘]c(x) Fo. ALL X v 7HE DomAv.



Ex ; Jt(oc)= %LI' O~ 15> VN RKAUSE JC('M)‘— (—X)i?‘“- ‘kq‘7~= JD(«)
j(’x\ s Q«xm 1S oDD  RecAvsE 3(’%\'— %—x) J(~xf" = - x 'xa—l = —3&)

—
‘ﬁE NEXT  DEFINITION)  WILL RBE IMPORCANT Scon (F\l\\ﬁ AGAN 1N

CAL(.UL-U&B ; BUT FOR. MoW  FEELS A EiT  UMMONIVATED .

Der Tae EXPRESSION :%c“«)—ﬂoc) ro. h#0 s crwed  qHE
h

DIFFERENCE QUOTIENT  ©F THE FUNCTION f

EX Y &;veu f(‘)ﬂ):;"f*?‘ ,  THe OQIFFERENE QUOTIENT  FoR W30
Flurn) - £ o 3t ) r k) = (3oPen) - QUntdex +h?) +ocrh- -
h h h
3+ bh +3htr xrh-3x’-%
h

. 3Ly th
h

= Z’n*‘aki—l

SEcnou 1 L‘

-
DEP | e Sofe oF A UnE  BETWERN Tho  PoinTS &1»}3‘“‘“(1"&:29)

v
5 m= Ty SR The swPe s A AT,  Ri1Sg  oveR~ ‘R\m’\\ AND
K-
* v

AND 1§ A MEASKRE o THE STEEPVESS oF A LIME.
/lloTE: wﬂé/o € EX, ANO va,,‘-\= ;a, The LWE IS VERTICAL AND

THE  SLOPE IS  UMDEFINED. v THIS CASE  hE WNE IS poT

A FovcTon.



Seenon 14 ( Cortin uen>

Ex 5 T;ﬂz SWPE oF THE LWE THRDLVGH
(N-¢2) a2 4 [
C—’A,—Q) AND (» ,93 1S @--2) ~ T oy~ L.

The <woPe of THE WLNE  THROVGH
M=) | Ara_ 4

(’D‘fl) An0 ("/;‘j s CN-(x) I+ ( ‘1.

DEF THE PONST=SLOPE FoBM ofF THE E®RVATION oF THE UMNE  WWTH SIWPE

m.  THROLVGH  PamT (x,,g) 1S (3-33’%(«—%.\.

DEF THE SPE- INTERCEPT  FoRm OF THE EROATON oOF THE LANE  WiTH SLE

M WITH Y~ INTERCEPT (0,6) s 3=m_x+b.

Ex L The wwe @sswe  THeovan (1 ~2) WiTH  StePE -3 pas
PolMT - SLoPe  FoRM (g,fﬂ= -3(x-1).
THE LIVE Wit gfuu TERCEPT (0, 13 WiTH SwefE "g HAS

SLoPE - WTER@PT FoRm Y= -+ .

Der The EQUATION) of A HorizonTAL UNE  THRoued (00) s 3cL.

THE EQUATION OF A VERTWCAL LINE THRoUGH (a,‘ﬂ 1S g=on,

DEF EVERY LUNE  HAS AN EQUATION THAT  CAN  BE WRITTS W THE
(GENERAL  FoRMm Afx* By.‘* C=0, WHERE A,B,C Akg REAL NVAMBERS,

asd A awe B AR nor B zewo,



Secmon 1.5

DEF Two LINES (N THE SAME PUANE ARE  PARMLLEL IF THEY DoNT

INTERSECT. A HANDY FEATURE ARSWT PARALLEL LINES (S THAT
THEY HAVE THE SAME  SLOfE .

DEF Two LINES ARE  PERPENDICUOLAR.  IF THeY (MTERSECT AT A RIGHT

(q°°> AMGLE . A HANOY FEATURE OF PERPEMOIGWUAR LIMVES

(S THAT THEIR SLOPES ARE ANEGANE RECIPROCALS oF ONE ANOSTHER.

Ex1 ?;“‘ ANG H_-‘-Q'x*") ARE  PARALLEL
1
LINES. la_= Ax AND '3.=”3.36"| ARE R
PERPEADI CULAR. LINES.

—
‘béF | e AVERAGE RATE oF CdtANGE RETWEEN ANY TWoe oS
(S THE SLoPE oF THE LINE CoNTAWWGE THE Two PonsTS. lHi

LINE IS cAueDd ThHE SEcAanT LUNE.

IUoTE‘. lﬁ)E Do  WNOoT CALCULATE THE AVERNSE RATE OF (CpANGE

BY Finbine AN AVERAGE. lr IS MOT dHE AVERAGE oF Two
PolnNTS.

Tm: AVERAGE RATE OF CHANGE oF A FumcTioN JD FRoM N, T %

IS Gven  BY &(";\ - CF (‘x -\)

ya'xn

Exa Ler .{.{x\féxz_g\_%

RATC OF CHANGE Feom C—l,o) T (1.9)

1 2:_—:: :2_-
a-(V) 3




Secnon 1.6

BEF A PARENST FuscTion (S ONE WITHOUT ANY  SORT OF TRANSFORMATION),

LIKE Jc('x)=’k, j’(«.)‘l’)", ‘F(‘K)“\L{, ANY S0 oM.

TEAMSFORMAWONS CAN  AFFECT A FUMCTION  VERJICALS o HOR 20T A LY.
® H&?-{ZMAL_ TEANSFORMATIONS DR WHEN WE MODIFY THE FuncTIoNs
InPOT

® VERTICAL TRANSFORMATIONS evR  pileny WE modirFy THE FUNQ—W"'\;S

ovTPur .
DU’ A SHIFT  ocCORS  WHEN  WwE  ADD /SuBrﬂAcr A  CoMSTANT,

E X Cou&lbé)l THE MRRENT  FuncTeN J‘\éx):)’)‘l .
j(oc)—« flx+2) = |x+2]| swers e crAPH LepT
BY & UWITS. )4(04)= $la)r o= )xl+ 2 supre

THe (pAPH OP By A uUnTS,
’M SHORT, Fok- A FuncTen J’(qc) AND 20,
Furd) suers wefT,  Jl-C) TS RIGHT,

y(«)*t SHIFTS  vé, J’(‘K)*c. SHIFTS  Doww.

(‘BeF A REFLECTION  owLoRS  WHEN WE  moultiPu! RY -1.



Exg CouStOEK THE fARENT  FumenoN Hx)'—xz*x. &
Tren 3(Q= Fe) =4 % s & REFLECTOn

ABOWT THE Y-AxS AND hix)= ~§6) -~-% s A

(X

REFLECTION AROST THE  ~AXIS.

beF A STRETCH  or-  SHRMWL OWwLRS WHEN WE MucTiely BY

A Posmve consrane C $1.

Ex Y (\Ie\zr\cm. %naema/ SszvJ Comsmaz THE 9/ [T/
prrenr poncnion ()= ot Thew gload=2560=20+2
L.

d R
IS A VERNCAL STRETTH ANO hix)=3fEd= 3%+ 3

IS A VERTWKAL SHRWK.

E X S <Ho?-1 2ZONTAL StRecy / $HRWV~3 CDNSLDE‘L THe 1 i A
PARENT  FUNCTION Qc[oc)-" ya " Then S(oc): Fax)= Yo'+ |

[ a
1S A HORIZOANTAL SHRWK AnD Ll(«)=f(ix)=q'>‘*‘l 5

A  HORIZOMNTAL SIRETCH.

lN SHoRT, fFoRk A FuncTionN J’ AND A MTANT (,
When > | ) c.f'(ec) (5 A VekT\cAL  STRETZH AND f(c‘\c) S A HorwzentAL

SARWK |
Wiew Otc¢l, <f(x) s A vermaL sarwk And fex) s a porrontaL

SIRETCH .

w"eu GRAPHING A FONCTIOWN WITH A SEQUEACE oF TRANSFORMA-
TONS, PREFORM  THEM |0 THE FoUbWMG ORDE: 1> HormzoatAL SHIFT

23 ReFLECION, %) STRETCHING | SHRINK WG , AND L‘B VERTICA-  SHIFT.



Ex 3 CouStDEK THE fARENT  FUMCTION Hx)'—xz*x. %
3
—rﬁéw 3(m)= &(—-Q'F):"X 1S A REFLEcTiOnN
ABOST THE %'-A%ls AND Lt(qc)C‘ ‘aqfx)'- —'\:“k S A

REFLECTION AROST THE  ~AXIS.

béF A STRETCH  OR- SHRIVK OCLVRS  WHEN WE MuLTiPlY BY

A Posmve consrane C $1.

Ex H (Va‘aﬂcm. Sreeren [ SHZWVJ Conticer THE
PARENT  FoNCTION H‘x)"xa. THen 3(x)= Ade)m
Is A veRmcaL SRETUH Ane hilx)=3 F&= 2%

IS A VERTWKAL SHRWK.

Exg <Hozlao~m\. ST?-ECH/ $HRWV~3 Cowsmek THe
PARENT FUNCTION chac>= < Then S(oc): J‘(?«Q= 8x°
S A HoplzoaTAL swRwk And k()= f(ix)=!gx§ S

A HoRIZoONTAL SIRETCH.

lN SHoRT, fFoRk A FuncTionN J’ AND A MTANT (,
Wren <> | ) c.f'(ec) (5 A VekT\cAL  STRETZH AND f(c‘\c) S A HorwzentAL

SARIWK .
Wiew Occ ¢l : fG) 1s A vernaaL  sark Ano JC(C’XB IS A HORZONTAL

SIRETCH .
w"eu GRAPHING A FONCTIOWN WITH A SEQUEACE oF TRANSFORMA-
TONS, PREFORM  THEM |0 THE FoUbWMG ORDE: 1> HormzoatAL SHIFT

23 ReFLECION, %) STRETCHING | SHRINK WG , AND L‘B VERTICA-  SHIFT.



Ex 6 SAY WE WANT To CaRAPR THE FUNCTION ’o({-) = é(f’f?)k* A,
DraRT WITH THE  PARENT  FONCTION Ho)= ¢, Then  Coraph
qUO =(+-9),  me HomzartAL  swer RUGHT. Thew AP
hit) = 13&'5):‘, THE  VERTKAL SHRINK. liten coet

Pl(:)= §‘(+* 5)1* A, 7He VERNAL  SHIFT.

p(s)
fUs)
&(53
h(s)



SEC.TIOM 1 7

Peroke wE AW THE momiom OF THE DomAW oF A RELATION
AND  NeTERMWED THE DohAIN BASED opN  GRAPHS. che A FuNcniom

IS TusT A SPectAL  TYPE oF RELATION,

D T
c [ He DomAN  OF A FUNCIION 'Hoc) IS THE SET of AL X-VALXxS

where $(x) &« A REAL NUMBER.

Ex1 §6)- “Lx HAS  DomAir (’&1 o) u(o, ) >]ﬁ{)
3&):& Has  DomAww E", @3.

=

Ler ‘.f, BE  Two FuACTions w/ DorAws Df, bj, resfecnived.
LET B= bfﬂbs Be THE SET” oF AL  ELEMENTS  (ommON TO  RoTH
b,o Axsd bﬂ' Tue  som f *9, DifFerenc ]C’i, Probucr ‘fj, AXD
QuUOTTENT % ARE Fumcnons WitTH  DymAaws B DeFEDd A

FolLswws

. Sum (f*O(XB = f[oc% 3(«)
d. DIFFERENLE (f-ﬂ\éx) = §6 - 3("<)
3. peovocr  (Fgdby = gl

* €6 d 4
4. QuoTlENT (/3\(94)3 m/ﬁ(xy / ProviDEDd 3(%)'-‘:0, oW FACT {?

MAd  HAVE MORE RESTRICIIONS o0 TS  DomAW,

Exa LET j:(‘x)= 'x."'\ r 3(«)~ 'xa—"f. BDTH HAVE Dokhilas Gﬁo,ww. THEM
Gc*jyoc)z -3, (F-@(x): -2l + b %)&F(wl)&t‘l) = ety
+ 1
Fi)b- 5. Toe mosr 3 dne voman Coow). The o

IENT  HAS  DomAW ("w, '?3 U(*,*)V@,”@.




/UaTEZ bETERMWK THE OomAN Ba_—;o&‘i SIMPUIFY NG,

Ex 2 Ler fya1= (%""X’K’O éx):'x—\.

(G- x| s H s soman (-, D1, 2ur
‘)c !
.—.66'*‘)(‘)(“):%_‘_,.
xX-1

7;115 ComfosiTon  ofF THE FuaCTion JD WITH 9 IS THE (UNCTION
faj (rens T camtosed mms) DEFINED 6( 3{%) f {S(a)) Tae

DomAw oF JEOS IS THE SET of ALL X SucH THAT
I % is w He Domaw & g, M0

a. %(5‘) IS N THE DomAiy of OC

Funcrion 3 fonerions §
X - !:’) 007' 3("4’)—> lu _O_o-'!" - f(ﬁ(oc)) = {S:°3('X»)

Exd Le 36d=aiel, qldxrl. Tuaw

}\01(«)2 f{s(ac)) awcéx) = 3(5:('&))
< f(’x*l) = 36[‘”)
= (le-))""‘) = ((X&Hl) +{
S0t Axt A ='5C9\+9‘

/VaT't" f"j ANQ ﬂoF NEED ANoT RE THE SAME FVNCﬂOM!

Ex 5 Ler :F(x)‘*k»“l, q(x)z % Tren
§-0r- Flgbd)  goF e =460
= {'(\F‘) = 3(%”)
= %+l - m
DomAn : [0, m) bommu‘- L‘l, °°> .



As WE SAW witH TRANSFORMATIONS . IT IS USEFOL TO  THINK
OF Funcnonvs As  comPosiTIONS oF Simf LER- FUNMCTIONS | WE

caLe THIs  DEcomPosimon |

Ex  La b= (1)) W caw e blo-foqld,  wiere
f(x)qu AND aj(x)'~\[;7. We v ALco  choose féx):(xHyAm
3[&)':‘)—;.

DEcoMPosmous ARE  NOT NECESCARILY UNIQUE.



SECTI%} 1-%
bEF 7:15 FUACTIoN JD(K)“K (1S CALLeD THE IDENTITY FONCTION Ir s
SOMETIMES DEAOTED I\J(K)>. M uch UKE ADPWG- 0 o MuLTIFLY ING

By 1, THLS TFuncriow  DoES nNoT cHANGE THE  (NPUT AT ALL,

/"loST Forctions ARE  ANOT THE  IDENTITY FuacTion— THeY AcTtually
Do SomETHING TO THE WPuT. Wear WE 'RE  WRERESED 10 1S
FIodIner A WAY 10 undo THAT FUACTON, /"loze FORMALLY, Grivew
A Fvancrioa) JC ;, WE WAPT o FAwbD ANvoTHER  FuacTion 9 ot.

5 ° 3 IS THE WENTITY FUNCTION (le .F(j(«)) =4<.>.

Ex| Foe MOTIVATION,  SUPPOSE J[M=qcﬂ-)00- TaE  fomerioo § Aoos
JoO @ e npPur. To unbe ANDIWG JOO, WE SHould SURTRACT
loo, Ler 3&%%-—:00. Tuew
G°3Xec) = 5[3(907 = Flx-100) = Ge-100)+100= x|
50 g UwbocS f Swuely Qoﬂ«%x

DEF LeT j: Be A rFuncron ) F ?5'“\ S ANOTHER.  FUACTION  SOCH
B _ -1
miar (¥ loac)(x):é%f')(«):x, meny o caues HE  wuERsE
(chmom\ o £ (P s reas F-imverse™).

— 1)

-1
Nore § (ec) DoES wor MEAN 0 ‘¢~ I s MERELY  NOTATION
“1
THAT SUGGESTS THAT f FYON) 8 ARE oMEMony) RELATEN. -l s NoOT

AN EXPONENT,

Pz.c@osmw ‘F ;F 1S A FUNCTION  AND :F‘ % AN (WVERSE FuNLTION

oF QC, THEN f-'ts UNIQUE.

P RoPosition (g“")"‘ = )[



Yy
Eﬁcﬂ ﬂlovE THAT f(fx)= %f‘l ANQ j(x)z xX-q9 ARE INVERSE

FUNCTIONS :
f’j (fx)‘— ;F(j(«D: {'( x-a (3°3[X"<); 3[3%&))
= H + 9 = j(:)‘:lc *">
_.;“j_? - ‘1
= q_-——("‘:)‘ﬂ +9 (%:‘)*7
= - “'.7';_/
_ 4x
l1
'

FILOCE&UKE T FND THE WVERSE of A  FONCTION ;F
\. R-EPLAC.E ’J—(x\“ WLUTH //?-\\

2. SwaP X ano Y.

2. Sewe rRr Y.

1. Reepunce {% Lot ”0[—("4)\.\

Ex % Ler J6o- x>,
Srer 1: 3}«3-\
Srep 2: K= 7_%'
Srer 31 y- xn
Drer Y: ;P(*Q'* f/;:

Ue 1o Now, WEVE ReeN GLOSSING ovER. THE DomAINS
of Fann §U From THE prEVioos  Lecwre, 1T unmATELY
Fouows THAT THE DomAW of & 15 me RANGE  oF §
AN THE DOMAW ofF f‘l & THE RANGE oF ?F

Eﬂ' WHAT &= THIS ISNT  THE CASGZ.



Ex 4 Comsoer $x)=n", 3(x)= [x. Cerramyy JC°3(9&= gof ==,
BUT THE DOomAW oF j’ () (— o, “) AN THE RANGE ofF g s
[.0, 0")- Whar 711s meEANS s THAT ; ON (—'00, mB ) :F OoeS

NoT HAVE AN |AVERSE, BUT = WE RESTRICT THE DOMAW oF

thro [0,003, IT OoeS, AND (T s f@=r

éMPHICALW, THE INVERSE oOF ]C 1S A REFLECTION ACROSS
THE INE la(wx. 'l\) ovph PRrEVIOLS
EXAMPLE, WE SEE THAT [é)=o’
(5 A FUNCTION, BUT THE REFLECTION

:F

IS NoT, RECAVSE THE REFLECTER
IMAGE FAILS THE VERTICAL LINE TEYT,
AND RY REF(ECTION, THAT ‘S BecAUsSE Jl(,,‘) FAILS A “HorzoaTAL

W
LInE TEST.

bEF A FUNCTION JC 1S ONE-TO~oNE (MLA w:rEcerB IF  WHENEVER
K, FX,, HEN TO) * F6x) .

ﬂEO\LEM (HOIZTLONTAL ng TESTB A FUNCTION IS O©ONE-TO-ONE IF

AND oNLY IF ANY HORIZONTAL LINE  INTERSECTS THE GRAPH AT

ModT ONCE .,

Ti D
| HeoreM A FuoncTion) HAS AN INNERSE oy A DomANW IF AND

oNLY IF (T 15 ONE-TO-ONE OV THE DDoamAnv,

Exs :F@Q:’xa IS AT ONE-TO~ONE 6N Gw, “3,

BvT 1T 1S ON [0, °°>.




SEcnoN 1.10

ﬂobaunmcz [REAL-WORLD  SCEMAROS WITH MATH  DoES aor

RANE  ANY SORT  OF ONE-SIZE FITS  ALL PROCEDURE — T TAKES A
THWA MG

COMBINATION OF MATHEMATICAL  VADERSTANOING AND CRITICAL

To Pul TOKETHER~ EQUATIONS.

Ext It costs BLoo Pee mp o re e pos. Pk Baloo
PER monTH, Yoo (AN BuY A PASS THAT REDXES THE Rus FARE

o bBo.rs e TRIP

Tr-tE TOTAL AMONTLY COST /V TO RIBE THE Bus X-TIMES AT

THE AORMAL RATE LS /U(fzc)=1.§1<..
7711? TOTAL.  AMONTHLY COST K 1o RIDE THE RBus X-TIMES AT

THE Rebuced RATE 1o Rx)s= 2l +0.285x.

inn A MonTH

JHE wOmMBER. oF TIMES You HAVE 7o RIDE THE RBuS
N

<o THAT THE (8T8 ARE EQVAL )5S
2AY+r0.,725x = .S«

&

2\ = 0075’){
A8 ey =

Ex7 A FARMER  HAS | 200 oF FENUNGT TO  BulLD (HE

Pen RELOW:

ny K3

W

X

So, xriy=1200M, 5o y=200-F. The Avcn oF mE PEn w

2,
TERMS OF X & GNEN By A(x)=%7=x(300”%>°‘2‘57*2°°*



SEcnou 2.\

. 3
BEF 77!6 IMAGINARY  uNT IS DEFINED T© &BE (,=\“l ] WHERE (,:")-

De A

COMPLEX MNOUMBER 1S A ANVMRER OF THE rRrRM at lai, WHERE

o, Io ARE REAL VOMBERS AND ( 15> THE IMAGINARY ONT, Tl:hs (s
CALLED THE STANDARD  FoRa, FoR. @mPLEX NUMBERS,

I's SENAN CALLED
THE JREAL (PART , AND

b 1S CAULED THE IMAGINARY PART,

Ex | @7=W=1c‘2-7’=7¢

GEMEIZALL‘{, To AoD  Conpusion,  (JE WRITE ( BEFORE A SOUARE

peoT,  so 3 Lifa

St i STANDARD  FoRM .

Pr.of’osmou Ler w—bé, c;ro\f BE  omPLEX MumeeRs. THEN

o\+b£=cxcié IF AND oMUY IF  a*C AND b=d.

‘»’Heh’ Abbwc,r/s\ag'rzﬂcﬂuer COMPLEX, NVMBERS, WE TREAT

THE
Rear  AND  MAGImARY  PARTS  SEPARATELY.
(o.*'bg t (c.+ol€>3 (A*CB L (bﬂi):
(0\“' lo::)"(c.*Af} _’(as”C,) + Oo‘-d>z
Eeo (N-20) +(6+3) =(nre) = Car3)i= )7+
(1-2) - (6+3) = (1-Q) + (-2-3) = 5-5:
chE ComPLEX NUMRers ARE BASKKAULY PoLynomALS v C

IWSTEAD OF X, TPE! MoLTIBY  THE SAME bLyy:

[a* \9{3(0*0\33 = act beir adc P pa é.a~)oo0  (ad ""%)2 ,  SneE

Pt



Ex 4 (3, ‘123(5*765 =35 -S4 F3w =473
9 -0+ AL 2B = YR+

Ber— C«’NEN A  COMPLEX NMUMRER- au)of, THE  (OMPLEX CONMTVEATE OoF
atbl & THE comfiex MUMBER a- b A HAnoy EEATOURE  oF

THE COMPLEX ConSUGATE 1S THAT (wlm‘ym—lae) s A REAL AVMBR.
(a*b:)(m- DE) = o;l'l' ab: -'aJOC - ]9221 = o\g“"‘ )oa

‘Dwxmw BY ComPLEX NUMBERS REQUIRES THE USE O THE

CompPlEX OOLTVGATE,
_C;L‘l:_ = ct Jc:_ . <a.-b£>: (c,+oll>(c~ -lal) - (C,,.o\;\(a,lo;)
At bi od"oi a-bc (a"’o:‘)(a\,-' b:) osu _‘_bz

_Ge-bd) + (adrbod:

ek’
(A~ M_ + &0\*’&@ L
*rb* 24>
(= 3 A

Exd 2x3d _ Qe3iXoead  jorisieqioG _ 4+100 _ 4 , 1%;

T —¢

9-2¢ (51- D.C'\(c:"):.) 29+Y A1 al 24

bEF Given A REAL MUMmRER- b>0, THE PRINUPAL SQUARE RooT

of b 15 permsed ™ B b =ilb

Norz 7746 PRODUCT RuLE FoR RADKKALS  onuy  APPLIES  WHES 7HE
FADICANDS  ARE  PosimvE Wren PERFORMNG OPERATIONY
IOVOLVINGT SQUARE R&TS oF WNEWATIVE  AVMBERS, REWRITE
THENN W JERMS  of ¢ FiesT




Tég REASONS FOR THIS ARE  DEEPLY RoOTED 0 comPLEX

IT WILL HAVE 0 REMAIN SOMEWHAT

AN/\UIS\S( 0 FOR- Aow
EXAMPLE oF WHY (T MATERS.

MY STERIOVS | Eu'r HERE s AN

RigenT : EJZ‘ =ZJZ'£JZ=C2\IZ—(:=-Q
Weowtx : F(:—ﬁ: J?I)::E(::e

AND cERTAmLY bF 6 \

ExS

77';6 EEASON WE /e THOUGHT  ABOUT CcomPLEX ANUMBERS WV

THE FIRST PLACE 15 BECAVSE WE WANTED 76 FwD  pootS

A
OF THE PowAwamAL X *l.
MORE GENMCRAL QUADRATIC  PoLynomiqis.

.
JHis ED B us AVDWGE  ROSTS

OF
RECALgi /:012 THE EQuUATION o.fscl"’ byt ¢ =O, WITH o\ﬂeO‘ THE
QUATRATIC [FORMULA  (AIVES THE SowwTioms

y= -bt\‘ bQ’LIaC. .
Ra

Ex 6 7’H6 SoLuTIony 2’)4?' Sx+3=0 AT
Lt \rﬂs— q4(3)X2)

22)
Lt [as-2C

‘x_:‘_

~—
-

it

J’
I+
]

I+
.
o1 &~ e



Der

Der

Der

De

Secerion R -

2
A QUADRATIC  FumcTIon  jg A FUNCTION OF THE FoRm j:(m)=oc)(. "'b'n'\’C.,

wHere a ¥ O.

7
[ a0, TiHE PARARBILA  OPENS UPWARD. I acO, ‘oPens  Down-

/\

a0 a<©

A\Y

WARD, \/

y (op THE PRATOLA )
Tﬁ€ VERTEX 1s THE LoWEST foINT on THE GRAPH wHENY LT OPENS

UPWARD AMND S THE HIHEST Pow?™ ON THE GRAPH  LHEN (T 0PENS

0o WNWARD

o
[HE  VERNUAL LINE THRouwxH THE VERTEX 15 CALLED 7HE AXIS ofF

SYMAETRY .

2
ﬂ‘h‘:’ STANDARD FoRM  FOR.A  (UADRATC FUNCTION 1S f(‘,c).—, a(qg—\,\) +k/

where a*x0.

Tlﬂb MAY  SEEM SRANGE AT FRST, BT (TS A PARDCUARLY  USEFOL
FoRP-m A 1T AweWS s 70 JusT  READ ofFF JRE  VERTEX AND
AXIS OF SYMMmETRY. IM PARTICOLAR, THE VERTEX IS AT THE WT

Uf\,"sz APD THE AYNIS ofF SYMMETRY S y_-—L\‘

SINCE PARGAROLAS HAVE THS el SYMMETRY, T MEANS wg

CAN  MORE ZASILY AND  MOXE ACCORATEL GRAPH THem.



To ceasn ft)= alx-n)™+k

|. ‘bETEIZMWE IF T OfeNng UPWARD ok DoWNWARD |

2. Demrmine  veREX AND AXNS oF SYMMETRY.

3. Fuwe ANT AL IWTERCEPTS ;| SouyiaGe f(Q?O (KEAL 2EROES omw\
U Fas Ay 4~ WTERCEPTS, Floy.

5 Pur 1!

L1 5—&): Q\&H?‘Q = Aac2xr 1) -2 = Ay +2)
C 2\ VERTEX AT (—l,—23, Axls oF SYMMETRY (s &=-2.
1) 20, o ofens o
2) Qalxr3) =0 = XT-20 Are /A WTERERTS.

4) fle)=0 Y= INTEPEPT.

5)

|
l

I

[
!
1
[
{
)
L

ls I PosSIBLE To Pof  EVERY QUADRAMC FupcT/on INTO  THS
STANDARD Fown? Yab, VIA A METHOD CALLED ' (oMPLETING
TRE SQUARE, (wwu-r IS ACTOALLY  HoWw Yoo ProvE  THE QUADRATC

oMy LAB .



CompieTine THE  DRUMRE
ax Foxra = a(% " “"0 *C

= 0\(')6 * "‘ (a«y (zi)Z) C

= (rxa\"' ':—"X-f-‘% - %
:a(x )\a>‘v—+c’

Fxd flo= 3120l = 3(s the )+
= 3y - )6 £5) + |
= 3G Y M - )
= (Yt X)L

= 3(x-2) -1l
verrex: (2,-11)
AXIS oF  SYMMETRY: X= &
'amunslzceﬁ: )

orens uP

N R e A

E‘f3 Rememae};oo& FARMER. FTrom Twe DAY Ac:o?. He’ HAD

200 o FEnua TO  RuIlLD THE  Pen  Relow!

\/—\/\/
a

We oepveed mar Al - % +300x
ARER A A FunclTomd

REPRESENVTED  THE

oF sDE LeneTy. Ao THE FARMER  WANT
Sice  THE  FARAROLA

MAX OCCVRS AT THE VERTEX*: (600 10 000>

Noi)e -5+ 200 =~ (s 1300m) = = 4o P« b5 =< o) 57

(Deen e wis 15 OO B¢, Hs pen evasses 10,000 R,

TO MAXIMIZE THE ARFEA- oPeENs Do, 7HE



SECTIOM 2. >

Bﬂ: A Oovy NOMIAL  FoncTon 15 A Fumcion oF  THE FoRMm

Jc(lx)= oK Tt AT A, WHERE Q,, ..., &, ARE REAL NUMBERS.
Tis 15 cAled A PoLynOMAL OF DEGREE A ADd Q. & CALED

THE  LEADINGT  COEFFICIENT,
NQTE.‘ Foz POLYNOMIAL  FUNCTIONS, W mUST BE A NONNEGATIVE INTEGER.

ExH §6d- x5 3(«)'— 2, hbo=lex - 13"+ 8 -314¢  arE AUy
NOMIAL  FuncTiony,
- 1 Ya, =2 2
p(oc)“k];a’c, @(‘Y):u/*zx"\{;‘gx , rx2= 2™ ARE NoT

PoLYMNOMIAL FuUNCIIONS,

DEF A Funemon 1S CodTinwovy [F 1S GRAPH CAN Be  DRAWN k)/o
LIFmnG A PemsciL ofF THE  PARER. A FUNCTRIN |8 SMOOTH  IF
T HAS Mo SHARP CORNERS .
(THESE DEFwIT/ONS  LOILL  WORK  FOR  THS anss, ol 7 vk Re

ASTED THAT THeY ARE WAY T0O LooSE 7o BE ACTVAL  MATHE MATWCAL

DeF 1nnon Q
2
2 v (x-1)
Ex b5 $69)- « 3(&)= |~ hix)= %o
COOTINVOVS, SmocTH ConTIAMVOVS, POT SuesTH Smeot, MoT  conTIvVOVS

/ v\

RE&ULT'. Pou//qumL FUNCTIONS ARE sSmoedt AND  convTImuous.



‘/-'
BeF [ e ENQ REHAVIOR. oF THE GRAPH oFf A FumTion s A
DescrIPridoN oF WHAT  HAPPENS ™ THE FAR LEFT  AMND FAR WIGHT

oF ME (aAPH (sechETLY, AS K HEADS OFF T -~ AN 9, RESP.)

T;Eown <LEADWO\- CQU;FtCIENT 7;31’> Lgr f(x)= a,,,‘)cv‘* T ta X a,,
0*0, g A Poymomiac  Foncmiin. We gave  pour cases:
) I w5 ood A a >0, THE Foncion  FALS @ THE LEFT
AND RISES P THE RIGHT (/ 7)

3) lF n 1S ondd AND ah40 THE FONCTION  ROSES T THE  LEFT

/
A FALLS T THE RAGHT (R ).

2) e n s eves A a,>0, THE ForcTom RISES 7O BolH THE LEFT
AD RiIGHT (‘\ ?)

“D [F n 5 even and A,<0, THe Funclion FALLS T BoTH THE (EPT

AND  RIGHT (J \)

Exb $(x)- < - - $60+ x* )= -
EX 7 ;F[«;()-’- - Z)¥7‘16N863‘Q+ 9(2-(- g%S,OOO’CUOIOOQ

E‘( THE LEADWGr CoeFFlcienT TEST,  THIS RISES ™ THE LEFT
AND FALLS B THE RIGHT.



SEcmo:o 2.3 ( ConTD)

DEF A ZERS ész Lool OR— &ox..u’noN) oF A PouyvomaL FuNCTION j'\ B

1S5 e X-vAwe  sd. f(«)=0.

F INDINGT RoolS 16 A MGEHLE  NoWTRAWAL PrOEDVRE, AND  THERE

1S5 No  ONE-SIZE - FITS “Ale AfPRoACH .,

Ex 1 J[(rx)= &a_ ?=Cm+%7ﬁu~3)"—0 = f hae  poors  k=%t3.
3(&)- ‘xg-'lbx. A [ 'x('xg-'l‘o) ~(’k1-l(,) = (x- l)(rxtl(-) = (y-t)(q(—‘d)(x—r’-{)%

= g HAS ReoTS x=1, 24,

zémAlzw- 261-\;, ReolS  ofF A fPolfnomiaL fUNCLON CORRESFOND TO  X—INTERLHTS

O~V The RAPH.

DEF LET' C B A RooT  oF f(@. ]T— g(fx) 1S A FunCTIONM  SocH  THAT
)= (-0 qls) oo ﬁ(rwo, THE IvTEaeR K s TRE  muLTiPuar  oF

The Rroort .,

3
EX IF(‘X):-’xq(fx-—o. D 15 A [ooT oF MULTIPLICTY b) 1 1s A RodT

OF  MuLTifLicty %

D‘ﬂl A Reor™ oF  Mour\PL)caty ﬂ_ IS CcALLED A SIMPLE ReoT,; A

RooT oF moLT)PLICTY IA>1 1S cALLEd A MVLTIPLE PRooT,

Pnzsw;r IF T IS& A REOT oF EVEN  muLTiPuciTY TOUCHES THE
GRAPH  TOUHES THE  A-Axs AT  AMND TURNS  ARoVND. IF IT HAS

opd MULTIPLICITY, T (RoSSES THE  X-AXS AT N\



Ex Jt(x)- (x *Q)a(x“*)g

THEOREM C‘NTEMED\AT’E VAL\)T;') LCT )C BE A Pol{romAlL  FoncTion.,
)p L) ave ;F@ HNE  piFemenr sions (sar FOO0,  £W)<o),

Then TheRE EusTs A sk, accek  amy f()=0.

Ex Jc(oc)*"xg'x'l, ch.e FOY=-1 amp Jt(a):s, f oras A por w mE

wreevaL (1,2

Secnens 34
7—116026»4 (Dwmw AL(:O?—ITH/‘-\X Ler a{(:x), Flx) e Pronoaialy i J&)to
Ano alga d(<) ¢ oleﬂ F . Tﬂew THERE EXIST  YMQUE  fPoLt-
VoAl ¢6d  an rl) sk, filx)= Al lx) + 6. Ir r&), e
PEMARODER. 15 2eR0, WE sAY dlx) bdvides  guenty wm f®X), and

moar dlx), () ARE Facmes  oF  flx).

Ex (ﬁ:l_womf\t Lo (D\\usmb (zxq* 2«-1) + (x2+gm)=¥’,;! +9 4 ’;f"%;\
-3t
VRES" ]«x“”r Ox*+ On'+ 2 -1
‘('xq* 3«2) j,

~ 2t 10

~(22- 0
It o
(9 ) |
- W5x - |




174EOP-U“ (REMMM%EK 77{60\261\—\\) IF ]J\('Q 1S OIVIbED Ry 64——&, THE

REMAINNER 13 iF (O.

TH\S ALLOWS LV sowve For ) w/o v PLuGainG

TR YAY

Ex f(x)=2«°’-llx"+7x—-5, ran F(4)

PRV WY 3
XY ) 2t e T S
(@8 |
- 3 I
- (3 12
S~ 9
- (‘Sx “103

32§ = f(4)

T—HEOQEM (F/\em 77450&5,4«3 ('\c«cs IS A FACUOR  oF f (x\ IF AN onpy

e fl)=0.

SSecrion 2.5

77+Eon-€m (KAHONAL. Reor EEOREMB ‘F f ('Q: 0.,,'\(.“"* et a Xt a, HAY

Ex

P D
|VTELRER-  CocFFICENTS ANR /Z. (w LOwWEST TERMS 15 A PRATIONAL

rorT oF § men p A FATR oF 4, AND g 8 A FATR & 4.

23‘%"’5%1*%‘ + b

FacToRs oF cosTAnT TERM: Pl 22,3 2
frcmis oF Leavne Teem: T, 12

) 2 3 S 1+ 2
PossiBe  EAMONAL poors: 1 T/ 5T/ * 0t 30t -



Secrion b

bEF RI\TIONAL Functlons  ARE QUOTIENTS oF PoLyNomAL FUNCTIONY
€9
oc(ﬁb"e /«Léx). 7;@- Domain 1S THE SeT oF AW X-VALUES
FoRe WHWH THE DeEANOMINMATOR, (S AOT zEeRO.

E)‘ DL(‘K)= ‘Xg"rD'K“'? HAS DomAIN é‘m, ‘B U(\/%)U (3,“> .

(-1 )3) o x| x¥133

AR-RO W NOFA'HON

+ v N

Y= a MEANS K APPROACHES & Fpom THE RIGHT.
- y A\Y

N a MEANS X APPROACHES A FRom THE LEFTL

§ —2 o9 MEANS " INCREASES  WITHOUT  Round, "

/,
X —r-00 MEANS /'x DECEEASES WITHOUT Bowub.\\

Tris AofATON 1§ uSeFUL RELAUSE T ALLOWS Us 10  TALK ARouT
WHAT HAPPENS NEAR. A  POINT WHERE A FUMTION IS UNOEFINED.
2 =,

Ex 3¢ aas doman (-N, 0) U(°z°°3-

k4

A x—0, Hx) =00, e mpcawy RO A
WRTE é_‘\:a-r Hﬁﬂ): od %IM‘LA‘LL\I, .
0{:0" Jx)= - 0o , AND ,f_‘;"‘m f(x)=o0,

beF T;}e' VERTWAL LINE X=an IS A VERTICAL ASIMPDIE  OF j\’ (L

f(‘x) (MCREASES OR DECREARES WIo BounD AS X ACPROACHEN al.

Noﬂz> IF X=aa IS A VERTWAL ASYMPTOIE oF JC, TiHE GRAPH OF
f NEVER. CROSSES TIHE LINE  AN=a .



ﬂfe*oP-EM Ler JD(Q:— (’(x\/i(x) BE A RATWNAL  FuacTion. 3 P[x)

£x

Der

AND QGC) HAVE ANO cOMMON LCACIORS AnDd JF A 18 A ReoT oOF
Q THEN A S A VEETICAL ASYAMPTOIE.

l —
i) X7 . The pomeRATR  g4an
DENOMINATIR. HAVE NO  (ommow

FAcToRS , so 4=l 1 A vERNWAL

ASTMPTOTE .
oY
v -l —_—
s(x)= X1 . lue mporcramr A

Pervrwwpaitr. Do HAVE A comton
FAcoR., ANO T 1 x-1, so %=l

1S AT A VERTKAL ASYMPITE,
Bor e bomamw s (-, l)U(l =)
AND  ON THIS DpMAIW sl) = fz— ’X*l,
o sld=xtl Wit A PantT AustinG

At x=1l.

(=)
)f— f(oc)r. %,;S AND P(‘O: 2(«3 “—0( JC(’*) HAS A HolE

AT X=a

Lo F&) = b

A [foRrzonTAL  ASYMPTOE OLLOVRS WHEP &0 o~
9c—> - fed= (oa zamﬁ, Wwhere b AO < ARE (POSSIBUI
THE SAMES REAL MomBeR . lve HORIZOMTAL  ASYMPTOTEN ARE

THE  LIMES LJ:«L A yea,

A/oTE'- )F v,ab s A HorlzonTAL  ASYMPTOTE  oF Jc, THE GARAPH
of § mAYT cros THE LinE y=b.




Ex

’sz 2—16 = .&Iﬂq ’& = 2

K200 IX xS 3 j(‘\C) - X HAS A HoRzosTAL
,Qt‘-m 2x _ Qs ?‘_ - 3 2

x->-0 Bx = x=2x 3 T 3

xoo_ R X o fLz,
12“"‘ X g:’w TR Jféc)" x BAS  jo HoR1zomTAL
a0
X‘m,\ QQZ_ Linn X _4 ASYMPTOTED.
’k,;-o- '3C . ’y"_m I

2

ASYMPTOTE  oF 7-‘-3’

1 X . Lim ._\_. - x
E% ‘x_‘:’:oo x> T ox—e0 =0 )/p((k)" ’)c’ HAS A Hok)zoanTAL
)
- =0

Lirn X g

ASNMPTOTE oF %>O-

'xnf-u--ta\'x;-r a.

Pﬂ-b?ouﬂou LET g(‘x\) = b,:ﬁc** et hy x b, BE A RATBOAL  FuacTion.

,) IF nw2m, THEN [F HAS No  HOoR)ZoNTAL ASYMPTOTES,

A
2) r L=,  THEW F ooas A tomizewtAL asyMPROTE v= T,
3) )F n e, THEn S’ HAS A MHoR1ZOWTAL  ASYmPTOTE ?90.

Pmouaf o for  PATNAL Fuacrions §6): ()

N

= 5

QD)

Dercpmiwe i § pas swmmemy Ge EVEN, obb, Ng;mgg
Fivd  any - INTERCEPTS.

Fivs Any x- INTERCE PTS,

FIND ANY  HOLES  AMD/oR VERTICAL  ASYMPTOTES.

F'wb ANY  HORIZoNTAL ASYMPTOTES .

Por AT oA one PonT ™ THE LEFT ANO  RGHT  oF
EAcH  RosT AND VERTCAL ASYMPTOTE .



Secnon 3.1

bEF T;J& ExPovESTIAL  Funariony TY' WITH  RASE b I8

f- o wpere b20 aw bil.

WHAT Doel THE aRAPH  Loow uue?.

X
f(xBZ g . [,)m»} THe TARBWE Raow, 7THE (RRAFH SHoULD Lok

e (ﬂc\ SOMETHING ULIKRE THS
-2 g\ :‘!!'
S P .3‘-

o 3= )

l 3:3

a 13-1

ﬂE DomAIn oF gExPonvemnnAL  FumcTIONS s (*"", 00\ 7;-145 MAY
SEEm obD, BECAU:/i CERTAWULS bk MAWRES SENSE wiens U s An
IV TEGER., AND )O = %/ET SO T AMAKES  SEMSE iTH A RATISNAL
EXPONENT ., RUT  WHAT ABwT  IRRATONAL EXPONENTS?. “Eu. iT
TURMS  o6uT  TWAT EVERY  [RRATIONAL  pOMRER IS TUST  SULESSIVELY
BEMMER AND ReTER  ACPROXIMAT NS BY RAToNAL  aUmBERS. T)ﬂlouorﬂ

THIS, T TURNS T THAT  EXPONENTIAL  FUMCTIONS  ARE  CONTIAUOS,

REMAV.K* EXPdwEuﬁAL. FuncTions AReE OnE-TO-ONE (THEY PAss  THE

HOR) ZonTAL.  LINE ’TEST) ) So THEY  HAve [MVERSES. L)E’u. GeT
T THESE v THE NEXT SECTION,



Ex 3(%)” G’Q%: CB-ly: Z’X:gl—x) ({P Frotr THE PREVIOVS exAhPusB.

_')C___ﬁ(i %o THE CGRAPH LookS SemETHING  LIKE  THIS:
-2 ()31
-1 |63
o |(3)=1
V()= 3
2 [(3)-7

FYLDM THE  PRECEDWGr TWo EXAMPLES, WE  ULTIMATELY

GET THE FolloWwiN(c: IFoR f(x)= lo?

¢« |F O‘b‘-l, THE (RAPH  (x0ES VP T THE LEFT AND
IS A DECREASWG:  FuncTION,

© lF b”, THE GRAPH (oeS VP TO THE  RIGHT AND W8
AN JNCREASING  FuncTion.

WHAf ABoJT A$YhPTOTE5?- Mo VERTCAL ASIMPTOTES, RECAVSE LortAw
x
15 C-m,dfb, Bvr WE SEE THAT AS X 2I®, b —-96)77151:’0&.0,
S0 THIS MEANY WE HAVE A  HORIZOATAL ASYMPTOTE b¢=€>.
%
L\)HAT ARoVT ’X'lNTEflCEPrS? )F 1070, CAN b EVER~ RE u—xaoq.

T cannof , So  EXPONENTIAL FumcTioas HAVE No  ROOTS |

/Vow, LooKING:  RALK AT ovR  PreViovs o CXAMPLES |, g('x?‘-gi
1\¥
AND 3@:(9 = F(%)  ARE  TosT  REFLECTIONS of ONE  AworHer |

So THE <TEANSFOR-MATION OF RECLEQCTIONS  STILL  fouDS,



Ex  ler f&):=27 76:): o) = 3 ;b= §6r)- 2

% {f(cﬂ q(’l(\ \4(‘)&) h £ A3
1 Y 1 ) -arl

-2 q 5 =353 =3°3

S N S PR

o ] gm:.il:jl é)al:_ 1:‘3

* 30 [¢=2-1 =2 ¢

2| a 333w

SO EXPONENTIALS  SnlL  OBEY  HOROATAL  SUIFT  TRANS -
FORMATION ROLEDS.

Puwuw.-c THe SMME GAME, WE  VLTIMATELY see THAY AL oF

OVe& TRANDFORMATION  RuLES STILL HolD.

beF Tuc—: NATVRAL BASE, €, 15 DeFvedD ™ RBg THe varuve THAT
1\ <
(I*:‘.) ArPRonES AS w—60. The Fomton Flx):e s e
NATUORAL EXPOINENTIAL FUMNCTION. I/u CACTICE, WE TusT SAY e o

A\

&

e o THE X,
T e

€ s RRATOWAL, A em A.TIBABA. o see whY IT 15 so TwATRGS

WEWL SEC WWAT LED BeRaouvi; o TS blscovERy:

7 N

CoMPa\)NQ INTCREST MEANS  YoUR. INTERERT S PAID RASEd ON THE

AmMounT of MoNEY (N YoUR AwouaT, Mot JusST THE PRWIC IPAL .

So tF You PutT 'o Pounes (v TRE BANK  AND You EFARN ( PERCENT

INTEREST, (oMpPouNDED  omee  PER YEAR,

veas At A= PrPr= PG>
veale & A=Plred> Plrede = '0(‘”\“-‘“73



t
So AFTER~ 'E"MAN\/ YEARS, Yo  HAVE A: P(l*rr)_
/Uow, MOST  INSTITUTIonS  PAY QUT ONLY A FRACTION oF THER  JAOTEREST,
s
Bur  sevePAL Times  PER YEAR (SA*/ N PENENT ComfoumNEDd A TIAE

Per \IEASL). Live THIS, AFTEN E-many JEARS, Yoo HAVE A“—(’(““)
/Uow, WHAT Hablens 1P you ONTIAVALLY  (oMPOVNR THE  INTEREST («'Q,

? N
LET n— "°>- weu. , LETTNG k= ¢

A= PU+ %)

w,_ .
P() T “/n> Ler k= n/f‘\ SINCE £ s Fixed,

kri
P( 1" As n— 0, k-3«

-pll L))

t
= Fe_r . AS &90‘0.

30 e NATWRAWUY oOwoRS W THE REALM oF CoNTINVOVU SLY

COMPOV MR NG  INTEREST,



Secnoa 2.

lA)E SAD  LAST TME TH/-\TI FoRrs b>0 wiTH lo¥ 1, THE  Func-
X
A :Féc)= b~ pae An  JwvERSE.

STEP 4.’ ’-:r\a,\c
3 t+

Sep A x=b

Sep 3 ¢

UC DOoNT  HAVE A4 wAl T© AWNOLE TS, SQ‘ WE  CREATE

NEW  NOTATON &

DEF Fop x %0, b>0, ano 70*1,
ﬂ: ﬁajbx) IS5 EQUWALENT TO 9L=b}
JC(AJ: ﬂogb(')(3 IS THE  LoGARITHMIC FuncTlon)  WITH  BASE b

Ex 3-legx 25 =x = x=135
%: QDSAG"I > %04 = a=(p
3= ,onba7 = )f-‘-&? =2 b‘—g

BANC— LocT/-\LlTHM PIZDFERTIESI Le‘r b>0 AND b*) Then
O ,0.03 b(b) = \ ;. SacE bl=L).
?) 103 b(}):o [ SINCE b°= |

We SAIL  THAT, Fole QC[’X): bq‘, :F-l(’X.)-" 1035(9() . Sw(_z
JC—\ZJC(«)) =X AN JC(\'P—\(OC))= x,

Iwev_sz P)Z?PENY FoIL l—;>0 ANO lo‘*‘j-, WE HAVE
) $EC)- Flm o) - 5 g
D F (6= 70) = Dy ()= x.



ch_E :F(’X)c b'x HAS  QomAn (’«\,“Q AND  RANGE (0,6“),

.]CZ‘)C)Z—Q%»&) HAS  DOmAIN (0, “‘) AND RANGE (""O,m).

For. bo For. Oc¢b<l

\0* (01‘) /
h’/ / (N‘)
(1,2) (‘.0\

Qﬂjl}g Q,,cjhba\

C-L-"*Wt ALL TRANSFORMATIONS OF  FUNCTIONS STILL Hold FoR LoGARITHMIC

FonCllons,

DEF TE‘:Z LOGAIM TR Base [0 15 me  common  LOGARITHM, jr (s
OFTEN DEMOTED As JusT 1&3&\, WITHOUT  THE  BASE . T;*E LoGARITHA
Wit BASE € IS THE WNATURAL  LOGAEITHM, ‘ T IS ofTen DEnvOED
l.n(’%\. Tms IS THE COAVENTIONS  WE'LL ADRERE TO IV OOR. CLASY,

/VOTE'- L\)OLFT‘AMALPHA AND  giHER.  HIGHER-LEVEL MATH  TEXTS  USE ,Qoaéx«) ok

Loj(x) TO DENOTE THE NATVRAL LDGARITHM,

Ex Tm—: [ TER SCALE , WHUT MEASIRES E remguake INTENSITY,
I
IS Lo&ARITHMIC . SO I AN EARTHQUAWE s O TIMES  AS
STRONG, T REGSTERS A Qog(lok)‘lol“,('o)‘u oN  THE RICHTEK

SCALE.

EY Soumo INTENS T 0 beuga_s (5 AL MEASORED 6N~ A BASE-ID
LOGARITHMIC  SCALE (ssz oases T+ 18 w  Secwwn 3.93-



_SECﬂoN gg
L-ET' b’D,b*], ass et MIN>O  gE REAL  pomBeRs.
Ler ’x=103\,@), 3‘51"350\0: so THES M= l:;x, N=b,
MN=b" b= b,

SO THEw

dog, Uam) < Jloib('o”’) = 00 y> Loq () + Do (),

Pﬁbbuc:r RULE FoRr Lb(;'ARITHMS. F;K )0,/‘1,)\)70 ot L*j—, Wwe HAVE

Jon, (10)= flog, () + g, (W)

ln)m—l \a, M, N, «x, 4 :3 RerFsRE, WE FHAVE
M= ot = b4

ﬁoqb (MA\!> = L’Cl b ( Uc—?‘) =X 3, = ﬂ.oﬁ’<> A1 - ,onb(/\ﬁ) .

QuoTIGMT Rowe FOR. LO&AKlTHMS. Fo& 191/1,/0>O WITH )a*fl, Wt

Pave Lo o (/&vl) = Lﬂb(/"l) - &03 b(ﬂ’) .

Wens b, M as BEFoRE, AND P ANY ABNZERS REAL  MWUMRER. SDer
1y (D) s ar oM Toes b (W) e m,
so

Ly (W) L, (67 5 = o 1 (),

9 Loy, ()= p o, ().
We oniy  proven s pore nonests P, BuT THE RESVLT 15 oRvioosLy

TRUE PR p=D ()

Powek RA—"—( Folk pr\mﬂws LET' )0,/1'“0, )oti, AND [N
AnY  REAL WomRER. THen loﬂb(MP>5P/Qoi&b(M),



SEanN <R (chrwu c-,b)

Usinee  PROPERTIES of (oFARITHIS, WE A ALSS (PIDENE
EXPRENIONS.

Ex la (i3x-2) - Kﬂ(‘é) = Lalas) = ,Q»( ‘8‘:"‘;) (ose P-E-MDAS')

Ey ,{031<§> - %ﬁagz(fx*)S): [oga(:_/:%sg)

We vAve one  More PROPERTY  THAT L PROVE  EXTREMELY
VSEFLL  WHEn BXPUUTL  (omPuTinG LOGARITHMS . ): IRST,  LeT
oL,b?O LI TH o.lktil Any er M>O. Ser
’347}2030\0‘) AND la_:%oij’O, Ss HAT M—”—mx: bv Tuew
e Log ) = fog ()
= ¢ dog, (o)
i kon QU") ijb(a:)'
5 By (- Iyl
ﬁ”j.o(‘*)

C,tw\{;z oF Bace Pﬁof’ararv Fol- Loa—;mm/ug) . Ler a.,’o>0 ; w/ a‘la"\:j_,
AND /‘470. _rnén Jog (/"d = A "(h .
) 'e°3b(°)

‘/o PARNCVLAR. , FOR ook CALCLULATORS , THIS hEAnS
Rog, (W)= Log®) | nl),
foglo) ()

Ex 1037 (8332 La (893 £ 2.264961
th?)



Secen 2.4

Xl
BU)‘POSE We WANT B soE Fo % w 3 = 8l

How Qo WeE D lT?.

me Rase

EXPllFﬁSING‘ EACH S\D€ AS A PowEk oF THE

moN
I QEWR-W‘E EQUATION (W THE FORM  of b-b.
4. der M=N.
3. SQ\—VE-

Ex 2728172 = qui-Yy = x=3.

USE LD‘zA‘leAns ({ SoulE EXPONENT(A\_ EQ\JAT\ON,S

L. lso\.ATE' Bwom‘am\AL Ex?wmou
2. Tave A LaAR M (w/ SAME &353 oF BoTH SN,

2 SimPury  w foweR ROLE  FoR  LOGARITHAS.
Ll. SQL_VE.,

Ee Z7=81 2 4(3") = 0 (3)
= (x1) ﬁ"fﬂ{ L (8))

= 4+l = l,\['{))
£
IR - A R L S 3

Use Dermimon o A  Lowagmim
l. Expres As Lﬁb(/“\3=c.
2. Reweie as lpc;h .
3. Dewve.



E)( /Qoﬂ 5(2%—6} -‘Zl § = ng': 2’!—’ L =2 :\)‘X.; %t{"—é’ = ) Z‘l(gl§> * 3

Usuu(x j—‘m‘:’_ PraoP:-:Rry oF L.oa-s

. Reweire as ﬁog,,(/"ss’q"fwow
A Ser M=n.
3. $bl_VE.

EX Qo&(‘)c) = fo:jca) "QOj CIS) = /ij(‘X) = /Qﬁ (%’) = Q(=-l% .



Secnon 2.5

— ké
Der The  powenon fo- A, &  MODELS EXPoNENTIAL  (RoWTH

lF k>O, AND  EXPONENTIAL DEWY IF L{< 0. l(

We HAVE ALREMNY  SEEN EXAMPLES OF EXPONENTIAL (ROWTH
((,omomn 1NIEKEST) AND  EXPONENTIAL  DEAY (Kﬂbtwnvl;‘
bguw) Ler’s Discuss A FeEW MoRE.

E)‘ (POPUUWON Gﬁmﬂ-b PoPun_A’nONS TEND 7O GGROW  EXPoNENTIALLY.
Tae Rowrh move A= 41e” pereasents MNew Zaans
popoLanon L years pFie. 200b. ThE GRowm paw 1s 0-OL.
WH&» WILL THE  PoPulATion  DovBLE |V s)ze?. Ar 6=0, e,
v A00b, THE popvration  WAS .l miuon. .So WE  WANT
o sowE Foee tow e gouamon  8hHI
82:=9.1" 3 2= L)-06t & L6930
So 1IN  THE YEAR 9@75, New ZealAany wie DbDovBLe
TS PoPOLATION  ERom A0,

Ex CAEEOM DATING oF oD ORIeXTs IS DodE Ry  MEASURING-
THE AMOUNT OF  (ARRBoN C-H PreSENT (N A SAMPLE,
DETERMIVING THE amount of chrion (~/Y HAT  sHovld HAVE
BEEAN IN THE SAMPLE , AND  THEA  USILG& THE HALF-LIFE
OF C:H T PIGURE  ouT THE MM(’LEI.S AlE . Tﬂé Ao
Lies w me rar mar Cl4s  war ure 15 Agsor SO0
YEARS. l‘r.s EXPONENTAL  DecAy FONCTON (S A(é): AQQO.OOMN,{:
DuPPosE A SAMPLE oF (LAY FRoM A ANCIEAT  PoT

ConTANS ony 127 o s orcanae (14, Trem
-o,oomﬁ\'l: ~6.000121¢

0.3 A=A,¢& 5 6.z e = W (0.3)--6.0001mt, 5,
SoLvine: FoR. £, we SeE THAT THE Pt 1s €16 86l ye on,.



Last nme  we tames Aweor PALE-LIFE,  Ouk  MoReL
|
LOKED SOMETHWG ULIKE A=A°(ﬂ, so whHy boes I
“0.000‘;\‘&2 ‘ ?
USE A=/—\°Q, ! S T SPECAL . IIU FACT, (T ISNT.

wt
AMj EXPNENTIAL MOIDEL AN RE WRITEAN As A=Ao¢ .

Rewrnne (atqu% A an Exponenmal  Growm /Decry  Mover
’-"‘(b—q 'F»Q—\a)

Lalx) L (b ~ e
Sine e =%, e =k nenc 2:alo ac cae

Ex T CONVINCE  OS THAT ThH1S  Wokhs, L.Ef.ls FigoRe  ovT
THE EXPoNEINTIAL  MmoDEL Fol CALBoM C’}"h lT IFAS A HALF

UFE oF 57/15 YEARS, 50 e .
1N §/57( _ alz ) N ~0.000l2) _
A=A, () = A, exp ( <315 )~ A, e . Euvrcra l.

Now, IT 1S TRUE THAT  NOTHWNG | THE  REAL WORLD (AN (ol
EXPONENTIALL]  FOREVER. — EVENTUALLY THINGS UWE Foo®  suPALY
Wit  WHIRIT &powTlH pofF A PoPULATON . For. WS we  HAve
A DIFFERENT GROWTH  pmobeL .
C
bEF A LoGsTie  CRowTH  MODEL 1S GIVEN B A‘ I+ a€ € ;
where b c are @mtanTs ANe b0, Tee  wmimnk

SZE 18 THE HORIZONTAL ASYMPIOT® AS €209,  LHicH 1S

ld_=C..

GMPH\CALL\(, (oSTIC  MAPS Lok WKE




Ex

The words
l?"ial, 15 Givem™

THAT  SCIENTISTS

SUSTAINMNGT  AM0RE

POPU LATION, (M RBILLIOAS, t YEARS AFTER

N.@a
B )= ‘3_>° — WHICH  MEANS
It 33dle

EXPECT ouR  EARTH IS INCAPARLE  oF

man V.83 gicen  pEofLE.



56(.110» 4.\

DEF Aw ANVGLE IS FoRMED By TWO RAYS THAT SHARE A Commewmn
ENDPOINT . ONE RAY 1S c¢ALleh  THE INITIAL  SIDE AmD  THE OHER
IS CALLED THE TERMINAL SI1PE. THE common  ENDPOINT 1S CALLED

THE VERTEX.

AN AN(xLE,'S DIRECTION An0O AMOUNT ©OF RoTATION ARE Flrom
THE IMTIAL QIDE T THE TERMIMAL SIDE. AN(KLES ARE OwAwyy

LARELED W/ (e LETIERS .

BEF /-\» ANGLE (5 (»  STAWDARD  PoNiTlony  IF THE  INTIAL SIDE 1S

ALONGK  THE  PosITIVE  X-AXIS  AND  THE VERTEEX 1 AT THE RGN,

E)c /—\N&LES W STANDMRD  Posimon
ey 3
P
V.)EF /'\N ANGLE 15 PoSITIVE  IF  THE PoOTATION IS C,Cw, AND
NEGATIVE IF THE RoTATIon s CW,

Ex )A.) THE PREVIWOVS E\(AMPLE, X I3 PosITIVE, F’ s NEGATWIVE.

bEF wE SAY  THAT AN ANRLE L ES IN THE QUADRANT WHERE ITS

TERMINAL S1DE  LIES.



Ex

De

Ex

Der

Aowcie @ wes w QuAnRANT IL. 7 wes w  Quanrenr 1L

N .

Ove  derer (wtcmao 1) ) % A MEASUREMEANT OF THE AMounr

\
O RofATION OF AN ANGLE, ASD 5 /3(.0 OF A COMPLETE ROTATION,

0

=60, P=-1%5°

A
pon

ONG BADIAN (whmz/u IVST 1 oR. ﬂ.f‘nnxx IS THE MEASVRE OF

THE CENTRAL AMKLE OF A crclE THAT INTERCGEFPTS AN ARcC

EQUVAL (N LENGTH TO THE RADWWS OF THE CIRCLE.

l/u SUAPLER. TERMS, IT's THE mEAsveE

-

OF THE ANGLE THAT  mAKkES THE THREE
Sibes (wo STRAIGHT, ONE gup.veﬁ\ v THE
PIlLTURE T THE [RIGHT HAVE THE SAME
LENGTH.,

UE CAN LA 9\11““*‘(9-&8 oF THESE ARLS ALoONGR  THE

CQReLE, o THIS MEANS  THAT , 10 RADIANS, A FLLL RoTATIw
HAS  mEANURE  OdTY



Do, A red= 260 T T md=/B0°

SIDE By THE OTHER. CLEASS

bIV\B\MCx oNVE

Vs TO THE FoulLoWw NG -

CONVEFLTIN&— Berueav ‘ZAMAMS ANR Bazzez—:s:

I180°

* RAD]ANS 70 Deazea: MULTIPLY THE ANGLE RY mw .
a,

. Decnaees o Rapawns: Muimeer  THe ANGLE 3 180° .

Ex 45°= ‘15°(,—‘;'—:,:) = ek
199° =l¢18'<z%%’>= L%J

171 o= l.?m(i?,»—oc) = 207.Q°

Der

Tuo AMses ARE ComRMWAL IF THEY DIFFER By A
MULNPLE OF 260° e A rad.

Ex |R0° ad =IB0° aee comrmivaL: RO =—180° + 2602
51 n~ asr_ o o, A
% ANY b ARE  (OTERMINAL c - 6" Aar) = e T

Secron 4.2

ber— T&E UnIT capare 1S THE CIRLLE OF

RADIVS 1, CENTERED
AT THE o\ GIN.

DCF IF 0 1s AN ANGLE ANR Pé&, ‘JJ 1S THE  (ORRESPONDING-

PowT on THE UNMIT CIRGLE, WE HAVE THE Fou_ow\uc, FUNCTIONS
31‘4( > ‘ C_oséﬁ) ‘)C 'l:m« (9)— 'x, 'x*O-
CSC.( ) ;L 0, < (9) = x ) *0; ot (6) = '6" g+ 0,



ch& 9 A BE AN REAL NVUMBERC y
ANE AdD  coswE 1S (-do,ooﬁ- SIMLE ’)L:usﬁ AND

Y- sin&, ™HE RANZE Fol <oswgE AND SIVE 1S E'/I]-

THE RomAIN  FoR

/Uoﬂc.E THAT  oN THE

UNT  CIRLLE , (K:’@
WHen we Pk v 6 AND ‘9, GA
Wik HAVE THAT THE X-VALVES STAY v
THE SAME, BUT THE (-VALUES CHANGE Gy
S\GN. So W TERMS oF ool TRIG
Funcrdeos :

<inl8)= -gim(0) csc(-8) 7~ cac (6)

Cos (‘ 9) = cos(@ Sec (-6)= ¢ (6)

o8] = - b (O cot (-6)- -tan(6)

Tuis means  THAT oS AND Re ARE  EVEA 5 AAD
Sm, csc

p , ton, ot aE DN .

P\ELA’DOM%HW& BETWEEN TRIG- FUNCTIONS . EA(H OF THesE

FolLoldS  FRom “) THE DernImons,
Sin ( 03’ c_sc(P) CSC(97:
o5 ( 3) sec( ) Sec (9> = ose)

$\~4 9) ! 0’5(9) |
Lon(8)° S5y = HB) cot®) = of) ~ Tl

.sé?(@

Tt-ns MEANS ﬂ{AT/ GIVEN  somE
TRIG: ForTions,

VALVE ok ANY  TwWO

WE CAN  DETERMINE THE  YALVES fokR~ THE
OTHER~- FOVUR.



SEcmw Lf.& (C_ou‘rvduebw

DEF A FuncTion IS CAUED PERIOBIC  \F THERE ExisTS

NMNIMBER P7O &JC, f('xi’fbf FM Fo- ALL X W THE
bomanw or JC THE NUMBER P s (ALWEd  ThE  Perod  oF J[

A  WEAL

pEKloDnc, Prlo PERTES oF
S (B+ ) = 50 (9)

Cse (6 +d Wvﬁ c,sc(&>
EAC.H oF THESE

SM\)E / (/oswzl Cosec./\/ur, AND %Euwr
AND oS 9*'94*\ =c,o>(3)
AnD seLU% 96\‘3 = Su.(e>

HAs  PeracD AAY.

P EfloDie A KepeRTIES  oF fAM(xc:m- AND Ccmecxz;\sr

‘bm (&* )= +an () AND c_of(d‘ -r-ﬂz) - w%(ﬁ)

Secrion 1.5
@ ~7

B Yy  MERELS

DRrAWMNMG A TKRAMWEE, we (5€T

%D- EACH TRIG  FONCTION CAS RE DEFINED 1IN TERMS

] oF
THE m&HT TRANGLE A&NL
Stw (93 (,3(.(03 N To'
cod L03= Z S=C ©) - E;'L
Len(B)- % B %

A/OTIC,( THAT

NI c,=i-, TheSE £*ACTYY ALAGN  WITH
oL, OMIT CldE DEFINITIOND



Vwoww(; oNL{ OME TRIke FUNCTION VALUE, WE W DeETERMIME

THE OTTHERS -

o
Suﬂ“ose sec.@\ = 7. 7—l:IEN 72*102: P

= br1ge-4q > b=[15 THE LENGTH of ts
OUR  MissING SIRE. So , d =
{as RN
L (97: = c.sc<9\= Jas
7 ~
Cos (&> = 1= wtw\ REENCE
J95
towx (9’3‘ '_7'J
\
m~
AN |MPORTANT AMGLE ]S é,@o: 2. lr- Yo N \\
\
: l &
RECALL , A TRIANGKLES INTERNAL  AMGLES Sum 2\
)i )80°=1r, AvD NV AN EQUILATERAC  TRIANGLE, i ____\‘_\

-

EACH ANGLE 13 3. SO, CoNRDER 7HE  EQUI-
LATERAL  TIAANGLE w/ SIDE  LENGTH 1, AnD

EXAMINE THE RIGHT TRAAGLE FORMED RBY Comads (T (A HALE (/5113 THE

PYTHAGOREAN  THECREM, THE REMAWWG  SIDE LENGTH s \‘ET . Thos
(D% @ F ()T w®)-a
s (3 5 s (E)2 w(T)-8 L)
(DT ot (B) & (D)= tEYE

DEF Two ANGLES ARE  CorAPLEMEANTS (F THEY sSom TO 700 72oo FUNCT -

Io0S  ARE  CAUED  cpFunvCTIoNS IF f(0)=3(7°°"l9\.

o_ T U
Ex 2027 a 60°= T ARE  ComPLEMEATS.

St AND  os  ARE COFUNCTIONS .

4 Y {4 N
REMA R COSINE IS SHoRT  Fok comPLE‘MEm"s swg‘\



© %
C.oFu:dcﬂou leNTﬂTES (lf 9 IS (W RADIANSS,  RePCACE 70 "0/ ?:5

Sin (93" cos 0°"- (9) Cse (9) = seg( 70° - 95
oS (9)‘ $in (qoo“ 0’) sec (_ﬁ) = c.&c.(%o‘&)
Lan (8= ot (1 6) cot (8)= Lan (70°-6)

Ex SINCE SINE AND BINE ARE CoFuaeTIONS, cod (38°> AND  Siv (52") HAVE

THE SAME vVALUE. ALSca, gec<%§:gsc(?_‘r)

Ex Fuub THE LENGTH of THE  suAbdw chsr By A 1ASPE owen

WHEN THE S9N 15 AT Al° ARME THE HoR12ow.

PO
’l:““(%)= x

LAS £+
A1° = X= B@n) ~ 53564 4.

125




SE(.T\ou 4.4

L.ET ﬁ RE ANY ANGLE |V STANDARDY PosinonN , AmO P(&,tp A

PoT™ on THe TERMWAL SIDE  OF 9 lf‘ r= \"X *} IS THE

DistANGe FRom (0,0\ T (M,‘g,\, THE S\x TRIG Funciiony ARE

GWWES RN 4
N
sn(8)= ~ cse(®)- v, 4#0
% _r
w$(9)= sec(ﬂ‘)— %, A =*0
tan (0)= 7” ?_¥O coté0\= %Z L a*0

Ler ?(7‘3 BE onv THE TERmwAL sipe o B Teen

\’ (-»** I—BH

sm( )= 53’3 :o csr_lﬁ) =5
s (0)="F= A2 (p)--%C
Lo (B): — 5 Lo (6)- -2

6»5 THWG  WE wMoTICE 1S THAT  THE  SIGN of THE TR
FUNCTIONS DEPENQ  ON THE QUADRANT-
ar &I

-8)>0 siv.(ox >0
cos(B)eo  es(®) >0

QIL QI
S (0)<0 ()0

os(6)<o  cor(9)>0

So N FACT, W& oNYy NEED omE TG ForveTidN ANQ  (nFO

AROUT THE QUADRANT TO  DETERMINE THE REMAINING TRIG FUNCTomS.

ton (0)= -3 (8o

S iwee 5.-.\[9)>O ARD l:m(aho, s (8) <0,
{1,

sa@) -2 1 sO)-T% k-3,

_
nl6) B (5.~



De ler 8 2 A aowacre (e, |0] 7907w 3}:) AvGLE.  THE

Ex

Ex

Ex

Ex

[PEFERENCE ANGLE 1S THE ASLE o Formed RY THE TERM!MAL

sibe oF @ Ao WE  x-Aws.

o ()
8: 2l , P- 21
0: ‘7001 Lp:loo
f=-170", p=10°

130 T
G-, s

Uswcf ReFEllé/ocE Avecees 1 Fwo The  Vacoes

ST rin
0= T P So (p: q . NOW‘ &

=\ &
S (“ﬂ')” a , AND Qs 9 oS W W—_
C{)ﬂT, S"‘(g)‘o- Hence siu("sqg)S 'g,

T);e WHOUE POWT oF  THESE [REFERENE  AMGLES 15 THAT T
ALLowwS VS 70 TRINK  ARCT  oNLf onE QUADRANT  oF THE ULUATT
ciRGE, AND  Kwew THAT  EVeRy oTHERS  QUADRANT RESULTS W

TR VALVES THATT ARE THE GAME VP 1 A SiGA.

77 L)
(9=”§, So P=T3, Now,
\

se.r_(%BZ @sl(g) T U T A And %

O« w QNM, so wsf >0
'—’—")sac (9’>O. IJEI\‘CE Saé%T-):a



Secnon 4.5
&MPHIM& kd_: v (‘K)

v | sin) x| sinly)
O O gl S

i I
r |z (-3
r |z s [_G=
1 = 4 2
T |z ir | {3
3 X 3 =
o 3T GRAPH oF «fs‘a».(ac)
FY | > |-
amw Sir
¢ | 3 r (_(&
1 = 9 2
S A Ne |_ A
e =Y _C- R

ABovE we SEE, GRAPHIALY, WHAT  SINE  Looks  LIKE.
RELALL THAT Swe HAD A Pehiod o L\)m\r THIS  MEANS 5,
IF WE CONTIWUED GRAPPING  THIS, WE Would SEE THE sAMe

SHAPE REPEATED oVYERR AND oVER.

Ouc’ THING wE  ponce 1S  THAT THE GRAPH ©oF Svm (m)
| 2
REACHES ITS MAXIMOM AT T o THE feRlod, IT's mnjmom AT ¢ oF

THE PePlold, AND  [HAS X INTERUPTS AT THE BEGIWMING, modLe  AND

END  oF THe PethwoD.

LET s Lok AT Somt TRA NSFORMATIONS o ?c (9 (tx) .

Amps.rrvbe

D Ler g}A sialc) porn A0, Trew Al 55 cAuwd me Ameomone
‘o la_-“— ASM(«). 77{13 FUMCTIon HAS  RANGE EIA\)‘AU,
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Ex

‘613352“~(M> 15 A VERTIAL STRERH  oF s\'u\(«), AS  EXPeCTED,

v Bl X [l "("‘_)
O O ¥ |O
3 3
'E Fl ZL—F &
T |35 sr [_30
4 a q a
T |33 dr |_383
2 2 3 a
m 3
> |3 = -3
ar SIr 33
N S
I AP (33
1 2 ] FY
L | 2 hr|_ 32
e a A 2

lVoﬂ(_E THAT ?;Asiw ('X) Avd fsiw(«) BAVE THE SAME  PeRioD,

AND  SAME  LORATIONS OF  MAXIMA, MINIMA, AND X~ INTERCEPTS,

Pelllob

:Sin(aoc) S A HorRzenmTAL SHRINK, AS  exPecied.

Qgl

AL S vl(R'x) X [si "\(Q"‘) -

O O r|O

r | & w | I3

A 2 e | 2

A

q ) %' |

*rzr g ‘1,32' % " (AP oF 7;5;4,,()
.;.TT o ‘%T o GRAPH  ©oF - sw(2x>
a ST

e |

4 ol G l

st G hr [_53

e 2 A =

317/-\&\4 (B<) was PeRooN 7B



SECT\OM "'lS (Counuueﬁs

LAsr TIme WE saw How VERTLCAL  AND HozlzonaTAL  SHRIMKS/
STRETLHES  AFFECTED THE GRAPH  oOF 7_= si-*l(oa. wHAT ARovVT
HoRizoarAL  sHIETs(
zn-'
Ex ‘ét= Siv (x—r{) I5 A  HoR\zomTAL  SHIFT RIGRT BY ‘?i:, As EXPECTED
v | enle-T) % [sinleT) -
\EY =
O |[~= |
Ir [
[ e
i Sr
9 | O |0
o 41 TV
® > GRAPY  oF = L"I[QC)
T | = ir = ¢°
2 Y & X GRAPH oF %‘“S&V\(‘K ’)
T S
3 2
30 7T
7|\ El
s N
e ©
/VloILE GENALLY ,  IF 3=A$in(5x—63 :A s\«(@(fx-%», A,E,C +0,
ar
THE GRAPH HAS AmPurube A, PeR 10D B, AND FPHAST SHIFT
c
B.
EX berERMME THE  AMPLITUDE, PeRioD, And PMAE  SHFT oF
(ax-3). T
&— siv- ax Hen &RAPH onNE PEIL:oA\ OF THE  FUNLTION
AMPL\T\JDE- L%‘l 3
AW
P ER0D 2 =T M
e o
PHA$€ SHIFT: A Y

’ZELALL THAT TR  X-AINTERLEPTS  WIE

tir—
PeR-lop (se v~ 1, ’X‘
Qe TRE WAPH 15 AoT

( r, m
FIRST  Tlud  IVTERLCEPTS So X=q 4
N
q*

BETWEEN THE SE(dND  Tlud [so x=

REFLECRD, THE MAX%

AT THE ENDPoints of THE

m -
v = ") AND AT THE AIDPONT (’X""*F g%.

s HALFwAY ReTwegn THE

) AND THE mAX &  HAU WAY



EX (CowT‘b) %o, THE GRAPH oF ONe PEeRI0D oF 7‘; gsiw(?')c’%) 1S

P@cenurle Kecae:
A =

D )DEMT\F\I AnPaTude A, PeRaoQ B, Ao Paase SpiFT .
?3 IDéNﬂFY N-INEERLCEPTS,  MAX, AND  MIN (ﬂ’rfse' owon.  Eveky

&+nPcancD )

B 4 ) ,,r—(),...:‘l.
3 5

o X-vAaLues ARwE, PwT THE SIS

L‘D C-ONNEC-T' w/ A SMoo CURVE .-

LTPJ\ PrivC Y=cos ('\c)

Y cos (%)

o 1

T

by (®)

T[_ __1 Fy L X 20

£y

= o

AT 1L

WE MNOTILE A  FewW THINGS: THE X-INTERCEPTS , MAX, AND MmN ARE
P erachd

ALL  STIUL AT 9 wrRvALs,  AMD  THE CGRAPH of Yccss GO s

THE SAME AS THE GRAPH OF Y=sin -T) (mz LATTER~ 1S AT

SORPHGNG AS  SINE gl coynE  ARE (.OFUNCT\ONSB-



/Uo’)’é" ’rfbk ka_= A@3 (E'X‘C\ , A,Bl C+0 , THE AmPuTUDE, feRiod, AND

PRASE  SIFT ARE ALL SuLl  DeFED 1IN THE  SAME  WAY.

Ex %‘—’gx («lﬂ"x + q“"> A’tma THAT  THE MNEGATWE  LEADING  TERM
/-\/“eu*rutse'- )-3[=Z 15 A REFLECTON  ABNVT  THE N-AXIS.
A _
PEINOB 20 )
phiin

Prase swrs 20" TR

\ A Y
x® “ T | A | arE [-ar

*(Scys(ﬁrrwﬂﬂ "3] 0 3 o |-3

3

-3

TH’E PROCEDUVRE fFoR. GRAPHIWG [BoT14 (7-— A Si (EM( - C) ANO

w= P cos (Efx-c') ]

Qe,anku. ALL TRANSFOR. MATIONS OF S («) Arsy ccs(oc) REMAVE AL You'd

EXPECT, WE TosT DON'T  RAVE ANy ol NAMES fFof~ VERTIAL SHIFTS.

s
Ex td;. 3 st (3{'5 64‘7")3 + REPRESENTS THE AUMBER. OF HOONS oF DNQGHT

w Brom, A-dAs Arrer Jewumey A,
Phin
ﬂ—rrf: AMpPLITOUDE 18 131 ’3, THE  PeRoDd & Qw/es) | AND HE  PHASE

. SeS
swer s 1. The wovaest oAy of THE oA ocors AT X717 TT days,
WHCH ¢ jauz 20“'. TP:E AMOONT  OF RAYUGHT 18 15 Hou\ . 7;-}.3‘

3(ze)

SHORTEST OAN of THE YeAR 1 AT k=T1+ —gq days, WHICH 1S becenga\

T
[1. The amoont oF ovuaT s oaey T Hours.
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THs  wil wor Be on miE Exam, Bor L TN 1S Gow

SEE AT SO ME T,

_ sw(8)
Swu: {‘ﬁnw) T ces(® 7HE Domain 13

29 } co3(6) 03 = 29 | + A , kan wTE&Eilé. Iubezzh,
TANGENT  ALSS HAS  VERTICAL ASYmMPTdTES AT  eAeH obd mowmPLe

—
< 1
o1 = -

g: taq (x)

s (9)
S!U(.E (_o{:(O)" si(0) , THE DoMAIN 1§

36 ) sea(6) +03% = §9| G+ b, b wreee 5. lupes, ?-;Cb'Eé’()

HAS  YermncAL Asysmproted AT EPQH MoLTIRLE OF T
q
;a
2

|3". CD“:(“(\




l
che S‘ZL(ﬂ)C cos(® 4 y:.gac (r)c) HAS THE SAMmE Doman  Ag
S(;{—aw (x).  [n0eEd, /T PAY  VERTIAL AS/mPTOTES AT EACH OMD AWLT -
e
we o X.
&‘-SQA('X-)
a=ccs(nc)

|
SuoLE C$Q(0'> = sk 7-" Cse («7 HAS  THE SAME DomAw
AS s(: co{:(acv. lubc—Eb, 7_=c_sgéx) HAY  VERTICAL  ASYMPTOTES AT

MULTIPLES OF 1T

?:CSL.('K)
\}r— Siv (“ﬁ)
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Ex

Der

Secnos 1.8

Oru THE DomAW (*00,603, WE  SEE THAT f(«)as»‘néc) IS ¥ERy mucH

AMOT. ONE-TO -ONE, AMD  THUS AT INVERTRLE, H"WEVEK, RESTRICTIMGT

JRULE
THE  oomAIN [-&,* ; T 1> VERY pmucH  INVERTIRLE,

T ~1

INVEESE  SINE  Fumiion D woied Sm ok arcsw s
T T - -
THE (0ovERSE OF «(}zsin (ﬁc\, TAEeNE ) Hos talzsfn K 1S EQUIVALENST
70 N=sin (}3
]

C ) —_ i

Y= sin (x) 2 sinlx) . Tue ~| cxporvest & MEANT 70 Deno
-1

THE INVERSE FOMCTION,  LIKE f* (/\Q. OF CoVRSE, THIS ConNFUCTS

X -
WITH  ATATMIA  KE giwl(«)= (SM&))- FQQ THS  ReASon, l. wilL

UsE %w«‘csin(fx) WHENEVER  PoIRLE 0 Avold conFLCTING Ao TATION.

[C#LAP H ]

¢ |5 |- Z|F|]2]|o|C|7 |T[E]
SRR T T e ]
- |
5&:2’—0\@'\43:

(2 e (E)- &
oS Sl"\ X (WD 6 =2

-1
THE WVERSE COSINE  FoneToa) ( Denoed ot O arceol, 1S THE
-1
INVERSE oOF 7;-@5(@, O& XL, g%os (fx) IS EQULIVAEAT 10

v =cos(y).

L&KAPH]
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o lv e |E s Te 25T ]

-1
B&‘F Tl-'}E WVERSE  7TANGENT FUACTION y DemoTED ‘l.‘am oR. Od‘(_":a"l, s THE

o a -
INVERE o s ﬁw(«), AL (4: ton () 18 EQUIVALENT 70

bonlp=x

W=y

I R R

T
fﬁm(g I‘\E I‘l l’%

)/UV(—:[LSE P&:feﬁm;&;

Sa (st";‘ ('x)\ = ‘)(/ o X W El,f_l

sm“( Siq (fxﬂ =K, FoR N [‘ 3 P:E
con (cos () - x, Foe % w LLIY

con (@5 (x))- %, FoR A W [o, 7]
fon (ke ()) = % , foR~ X (o (‘m,oo)

{:““;\(fom (‘x)) =, o A I~ (—' %—, 131:



EY 5fﬂ_l(5"1" (OB) =0 BecAVSE O 1S W ['%Pl g— .
T T

s{nh\(scq(*vr»*’ﬂ“ BecAust o s meT 1w 3, 3. |mrea,
WE PHAVE T ACTVALLY @JALVATE: s\-f%sh(ﬂ)‘ 3\\4_'(03:(3,

Ex F PO THE EXAT YALVE  &F Sn ('I:M: ‘( ;:)')) % 15 (N DorsAm,

-1 3 -
ém (% 6 <= —l:m@%"?, WHERE ’1‘:‘40‘“3., w» 00,

3 p={z = a5, Thew
5 2. 2
o s\'va({m ( ‘%D a8 7" S

9



Secnow 4.8

Do Kuenr  Triancies

(zven A s see wmems OROA UDE waeaH  AND AW

ArSGLE W A RGHT TIHANKLE, WE AV SPLVE  FoR  THE  REMAWMG

IO ORMATION.

s @, <, Q.

6 16
Noﬂc.E THRAT {—m&ﬂ: o , 50 a= T~ ‘8"“

> Now TUAT WK HAVE o, WE AN sewe ok
C W A FEW DIrFEREAT  WAYS:
cosé““o)= lig_il , c,ﬁ\t 184 1>, ',u Ei MicP—
cAsg, WE wer = 2151
T Fun P, we HKAve CVEN IMRE  ofiTions:
Sin (‘{3’* E{_‘;’i p ws(?) = 2“| ’5“1 &omz‘f) l?‘,”l oR
EVEN  AvelDWer  (AMVERSE TRIGx AMD  REAMEMBERWG
U p= 10", Ve cer ¢=41°

Ex . ¢ Fesd QIB, ¢,
}
o . Br e pymAcorew THeRem , c-(IR17 7 0.8,
v IUou( va[B’)" 11'72‘ Ok CO{(@)'—,"'E‘ o~ si»xb)“-%; | o~

s (D)= 1)-07757 . Uswe 9=arc{aw(%>z 35.22°,
SIMILMZL-V THERE ARe A Nu-ch —AND - FivE WA
T GeT (P, Crroosine 5m(?3 :zp%l , WE MAVC

(- c\rgsin(ﬁo..‘?ﬂ) ~®54.7%°



THE  IMPRTANT THING  WHEw  SoLViNG: A TRIANGLE (S  THAT Yoo
PEED AT LeAST  og  SIDE LENGTH . ()F Yoo REALL FRrOm GEOMETRY,

THERE ARE MANY TRIANGLES w/ SAME  (MTERNAL APMGLES, BuT  DIFFERENT

SWeE LENGTHS, Heoce AAA SUMARIT) AN o AAA coNCrRUENcE>

OME (M PORTANT  APPLICATON OF TG comes w  tHg  STUDY

OF  SIMPLE MHARAONIC  AOTION N Prvsics ,

7;& CANSNICAL, EXAMPLE  oF SIMPLE HARMONIC AOTION 15 A AASS
o & e, (see anivokions. physics . unsw. @, awl ju | SHM Mk
T;lE mBSS  HAS AV EQUILIBRIUM  PosiTiON  WItH  ME MASS  ATTACHED,

IF WwE PULL THE mASS APD  STRETUH  THE  sPRANG )cwokwot THINGS

LWWE FRICTION AND AR RESIST ANKCE, THE MASS  Would QTAY RBoBRIN=

UP AND  OownN FotVeR.

AM ORJECT 7THAT AovES  on A CoRDINATE  AXIS 1S IN SIMPLE
HARMom c  AnoTlon F TS  DISTANCE ,e\, [FROM  THE EQUILIBRIVA

Posinom AT TmE é 15 wmoDELED RY o\-‘-awb(‘«')":) o~ c\=as"v|(60‘é>_

Tris  morion HAS  AmPLiTUubE la}, 7;15 Perioh s GIVES Ry 2_.:?:,
wHere @?0.
Suf’Posc A BAL 15 ATACHEDY 70 A  SPRING  AMD
PucLed Powwn 3 Feer FROAM TS EQUILIRRIVA
— =0 Pos.itiom . L\-’HEN ReLcAseED, IT 7TAKES g Seeonbdsy T

f Bok UP AND  (omE RBACK Dol T THE RELEASE ONT
= 2w A
THE PEROD 6 W T S5 = w= 5, S/uc,e' THE  RALL

SARTED  Doww, wWE dAve THAT a=-3. Se 7HE ea.

d= -2eos( %),

MeDeLINGT  THE  MoTION)  oF THe RBALL 1S
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— 1
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Second |

1
Aw OBIET (0 swmpPLT HARMONIC moTion GIVENS BY 2 f“”/”&
(%

de= o»s\'w(bo‘é) o de 4005('015) HAS  FRequency f= - J w20,

N
Al*’ obSecT 15180 Smbe HAMOA}\(. MoTloN (cIVES  RY ()z l"’cob(q'g‘
/v l

w — Cm—
ﬂw FREQUE POy 15 5" Ar 2w 38, s THE PEROD s 3 SECOADT ,



EcCTon 5 \

F ORNDAMETA Tmc: )ngﬂreg

* REQ\PM»T loeasnies
5“’10: s B wsa"gjul_—a tand
csc 0= SI_LE‘ sec = wlsg cotB=
Quonenar )Dc/oﬂ TIES

18 cex &
tanb = st woth= s
* Pimiacorean  Ipersimes

@52(9 * gm0 | tan® +1 = se-0 et B

* Lwen /Ooo loe s

3;4("9) =~ s (8) ¢os[-9)~' cos(0)
c_sc(—é‘ <~csc(B) su(’ﬁ)'—‘ sec(6)
TELHMQoes e, Veripywae

¢ Uo;zu WITH EACH sive  1o0ePeEN) € ATLY

* Awavice Tue

Ibem‘\ﬂ AQ ool FoR.  WANS

]
S oth
{

o0

| = e

'Lﬁv\(— 0) = - tan (&\
wt (’19>: - ot (®)

TIZI(; lbzwﬁﬂes:

T  APPY
[PernTiES.
- Rmmw IV TERMS oF SIvES 2 COSINES
* Facoyp ooT  THE GREATST  Common FACOR.
atb & b
" SEPAP-ATE o (orewe Feactions , < « c

* Rewrnie  Fracrions w/

LeAST (oammon

° Don\r RE AFRAID T Siof AAD

SOY sm0 1
Ex cosl tand cse@- (Q'LI oy ey
= |
Ex co;& —st(? = (,oslﬂ - (l”cog\e)

it

(_0520 - 1 ¥ C°§20
;2(_0529 -

1

RDEMVD M A TOR

START ovER.

FunDAM ENTAL

(Qooﬂ ENT /quPoLocAL ‘Dm\

(P‘{ TRAG: > V\l'fcosiz ]3



EX = T - sw06

CSce "51'140 = sml
20

Ccod 2 9 (
7 PrrmaGoREAN  1DENSTTTY )

'3’\§

<lo
N
)
(v ]

(Quo TIENT IBENT!T‘/B

ot D ol
_ l+coct l+cost ()nos'?:
[:X l-cost l—cost 1+cos &
(l + oS “-’) h
J—cos*t
()-i-co’sf)z
= sia' ¢ (fmmaou_a:\\ }Damn\s
__ (,+ cos t\?
simat
_ ( | N cos t)?
i $imt siv t
2
- (C-sc.é + (ot {:> (&ECL{@OQAL, /Quomeur lbeurmes

Ex (cos & -sia 0>% * (Lo::t? v 5640)2  cos O~ 203 Diad t5u"07 o0 * 205 BinO+ G
® Aws B+ Asin b
= s s4°8)

=2

C\’YWA(:\GPEI-\M 1Bg~7>

Cosx —siqX cos’x — sinx
EY\ | = tav?x | - s ;‘/cos"x (Q‘-’DWE”" IDENTX
o3 % (o™, —3m K
cos™x \ 1l - sivnl‘x(u;s R
2 »
_ Q 0 ¥ - Siu'X
cod L (c_,;’g —Sin %

1t

2
Cos X



Skcnon 2.2

Treorem (Sw«/ Dirrcrence  Foraoips)  for  mtetes X, B,
oS (ot”@ = conla) COS(F) ¥ s;n(u)&fn(ﬁ)
S (cxt {5) = Sn‘n(o&) wsdz) r (,05(‘*) sivn(F3

o)) , o (“—p\\
oo *) ('95(
QDS ((05 F, sva P)
P

A

By 7HE DSTANCE  FoRMULA, THE WENGTH oF THE Red DASHED

LINE W FHEURE A 18

°L= J (cos&-— c,oSIgl + (S\"Lo&‘Sf"!FY ‘

-—
—

coslu + uszﬁ - Awsu cosf—" FoShaw +s§vfﬁ - Asinkk s?n,é

- \léosioc v ;{vfat) + <c,osQF»+ sivﬁ/Q - 2lcos x o3 Rt siac sin FT
‘-\{2— A (s s Pt stna S;.,.p\ _
The LeneTH oF e REd Dashed LINE W AGRE B
A= J(osls- B -1+ (salap)-0)
= f;?(.x- B) - 2eoslx-p) #1 +35ia"(w-R) \
25 (x-B) v sia’(x-p) 71 - Aeos(a-p)
tf:‘ A o8 (oL—F)ﬁ
So WE musT pAVL
c.os(u—[&\= cos [d)ws(p\ + s)‘n(u\s,‘q[/l).
lT FoucowwS THEN THAT
cos (ot F)= cos(c"(-ﬁb = os(x) c_os(-lﬂ +sinlx) sm(-ls)
= cos («) cos( }33 - st (o) sin (F\
Recare now 7HAT @5[’—;— 9)=sial8) . Sa,




Sin (oﬁ {33 = Ccos (l;'r" ("”@3
 ces (é" “) - FX
= o5 (B =) s (p) + sin(F-<)sin ()
= s (.Q cos (F) + c,°><°‘> Sin (F>
ANd \T PoLlaws THAT
siv ( p)=sin (o) = g (&) co&(‘fﬂ v cos(=) st )
= giw (00 (,o&@) - cos (d) SIH(PB,

ﬂ-fese LeAd ™
Theore <5uM/D1FrEP-CNC£ Rot por TAN(;:ENTS\

‘b’“"( ot P) ‘Lm{o() ~ ‘éﬁ\‘ﬂ@)
| % tan o() {:N’l(ﬁB

Tﬂs (S LEPT AS AN EXERGSE  pFoRr. THE  READER. )y FolloWw’
{' sin
FROM on = cos®  AND  THE $UM/DIFFEPENCE FORMULAS FoR SIWE

AND  (OSINE -

Ex c_os(IS"\) = cos (60°-457)
= @3(6°>C03(°l§ ) T sia ((9°°>s£n(‘1§a)

l{@ r(ﬁw )

Sin (¢>C°&({I> ws(;‘)ﬁw\ s SM([’r S: = SWI[ > 3"1((7.) '
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Ticoresr (Dovpie- PMasie Forauvea Q
S (719)‘ Asn0 o
cos(90) 7 cos’B - 5in0

Atanb
bn(28)= o

USW(; THE PANGLE st«/ DIFFERENCE  FORMILAS,
din (20)’ $5"\(0'r B) = %M (3) cos[e) + cos@) sM(&) < Rc05(9).$l‘n (9).
The omjee TWo RRAMUAS ARE  PROVEN  SiILARLY,

3
Ex lP 5‘«48" S AW 8 W QUADRAAT I, Hew s b=

5;«4(297: 9\5\‘%9’0956: Q(%QC%): %.% -

<

AND  so

N oTice THAT, APILYING A PYTHAGOREAN  IDEATITY ;, WE &eT
os(26) = cos’B-sin0
= 050~ (1-cos ) = Reos B=1 (*>
“(1-5i20) ~s1 8= |- 2wa &

Tas wros v To°

ﬁwﬂem (Po wek=- Rebuc v e FOIZMULAS\
24 | - o3 (260
S 6" P 5
14 cos (349
cosz& = 2
|-cos (38)

'e@v\lﬁ = ltces (20)

)ZE/\IZP-AMUE THE EQVANINS (N (*) ARAVE «



l + cos (2‘%) _ L+ 605(7‘1) - l*£: - PEXES

Ex u;(%): — =  a ~ 4

ThéRE ( Hacg - Averg F;cza.uuas\)
SM(a.) / | —cos (2] co.s(d»)
(3)- [
bon(2)= 2 [ 528

oL
LET 9 = 22 (v THE PoweR RebduCWGr FORMUIAS .

EX SM(Q:Z 6)- SM(LWD> t’l*ws(‘*ci . r "r/:z

T+

H

sweg sl >0,

ﬂ

SECTIOA) 5‘1
Theorean  (Reodiuc -10 -Sune Fosmoins )
S Sin F’ é(m(“'@v - cos(lx* Eb
oS ! cod F" 3{- (CeSC"‘ F) + cod (&+{3>)
S cos = - (S -1(04"F) + Sta C" FB)
1
op ok sr\(S d (S“l(“*ﬁ)— 5“”<°‘ IB))

C‘”("‘ - P) el (‘U ﬁ> = <U’5°‘ °°5F"' S Sr"'lF) - (cos“ OSP - Sivx Siv F)

= 25&4& 52«4[’1’

THE REST ARE FPROVEN  SILARLY.
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