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Complex hyperbolic geometry

Complex hyperbolic n-space is Hn
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d given by Bergman metric
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Complex hyperbolic geometry

Holomorphic isometry group PU(n, 1) := U(n, 1)/U(1).

Full isometry group generated by PU(n, 1) and antiholomorphic
involution z 7→ z̄ .

Complex reflections in PU(n, 1) are conjugate to diag(e iθ, 1, . . . , 1).
Unlike real hyperbolic reflections, these can have any order.

Hn
C has variable negative curvature.

Hn
C has no totally geodesic real hypersurfaces.
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Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis).

(Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.

(22 commensurability classes and 2 commensurability classes,
resp.)



Complex hyperbolic lattices

A discrete subgroup Γ of Isom(X ) is a lattice if Γ \ X has finite
volume.

A lattice is arithmetic if it has infinite index in its commensurator
(Margulis). (Roughly speaking, arithmetic lattices have similar
properties to SL(n,Z) < SL(n,R))

In Isom(Hn
R) (i.e. in PO(n, 1) or SO(n, 1)), we have examples of

non-arithmetic lattices for all n-values (thanks to Gromov and
Piatetski-Shapiro).

In Isom(Hn
C) (i.e. PU(n, 1) or SU(n, 1)), we only know examples

for n = 2 and n = 3.
(22 commensurability classes and 2 commensurability classes,
resp.)



Gromov–Piatetski-Shapiro (GPS) hybrid construction

Hybridization strategy:

1. Γ1, Γ2 arithmetic lattices in PO(n, 1) each containing
isomorphic sublattices Γ12 in PO(n − 1, 1).

2. Mi = Hn
R/Γi each containing isometric submanifolds

M12 = Hn−1
R /Γ12.

3. Cut open M1 and M2 and glue along isometric M12.

4. Hybrid is resulting manifold M = Hn
R/Γ. Γ is hybrid lattice.
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Our complex hyperbolic hybrid construction

No totally geodesic real hypersurfaces makes it unclear how to do
this for complex hyperbolic lattices.

One idea, originally proposed by Hunt, is the following:

I Γ1, Γ2 < PU(n, 1) lattices.

I Σ1,Σ2 ⊂ Hn+1
C perpendicular, totally geodesic subspaces

(∼= Hn
C).

I Λ1,Λ2 < PU(n + 1, 1) discrete subgroups satisfying

1. Λi stabilizes Σi

2. Λi |Σi = Γi

3. Λ1 ∩ Λ2 is a lattice in PU(n − 1, 1)

A hybrid of Γ1 and Γ2 is H(Γ1, Γ2) := 〈Λ1,Λ2〉 < Isom(Hn+1
C ).
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Our complex hyperbolic hybrid construction

Question 1. Is this hybrid always a lattice?

Answer 1. No.

Theorem (Paupert, ’12)

There are infinitely many non-discrete hybrids in PU(2, 1)

Question 2. Is this hybrid ever a lattice?

Answer 2. Yes.
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Hybrids of Picard modular lattices

In the ball model of H2
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Let H(d) = 〈Λ1,Λ2〉 denote the hybrid of Γ1, Γ2.
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3. H(7) is a lattice in Picard modular group PU(2, 1;O7).
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Hybrids in Mostow’s non-arithmetic lattices

Γ̃(p, t) < PU(2, 1) generated by three complex reflections, Ri , each
of order p, and J, an order 3 element conjugating Ri to Ri+1.

Reflections satisfy the braid relation RiRjRi = RjRiRj .

Phase shift parameter t satisfies |t| < 3
(

1
2 −

1
p

)
.

Theorem (Mostow, ’80)

For p = 3, 4, 5 and all admissible t-values for which Γ̃(p, t) is
discrete, Γ̃(p, t) is a lattice.

Theorem (Mostow, ’80)

The following are non-arithmetic lattices: Γ̃(3, 5/42), Γ̃(3, 1/12),
Γ̃(3, 1/30), Γ̃(4, 3/20), Γ̃(4, 1/12), Γ̃(5, 1/5), Γ̃(5, 11/30).
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Deraux–Falbel–Paupert (’05) found new fundamental domains for
Γ̃(p, t).

When t is small phase shift, |t| <
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2 −

1
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, at the core of these

fundamental domains is a right-angled hexagon.

This introduces positive vectors vijk satisfying vijk ⊥ vjik and
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Hybrids in Mostow’s non-arithmetic lattices

For the hybrid construction, let

I Σ1 = v⊥321

I Σ2 = v⊥312

I Λi = StabΓ̃(p,t)(Σi )

I Γi = Λi |Σi
, we get the following

Theorem (W,’18)

For small phase shift values, the hybrid H(Γ1, Γ2) is the full lattice
Γ̃(p, t).

Theorem (W,’18)

Γ̃(4, 1/12) and Γ̃(5, 1/5) are non-arithmetic and arise as hybrids of
non-commensurable arithmetic Fuchsian triangle groups.
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Thank you.
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